HOLOMORPHIC GEOMETRIC MODELS FOR REPRESENTATIONS OF 

C*-ALGEBRAS 



DANIEL BELTITA AND JOSE E. GALE 

Abstract. Representations of C*-algebras are realized on section spaces of holomorphic liomogeneous 
vector bundles. The corresponding section spaces are investigated by means of a new notion of repro- 
ducing kernel, suitable for dealing with involutive diffeomorphisms defined on the base spaces of the 
bundles. Applications of this technique to dilation theory of completely positive maps are explored 
and the critical role of complexified homogeneous spaces in connection with the Stinespring dilations 
is pointed out. The general results are further illustrated by a discussion of several specific topics, in- 
cluding similarity orbits of representations of amenable Banach algebras, similarity orbits of conditional 
expectations, geometric models of representations of Cuntz algebras, the relationship to endomorphisms 
of B{'H), and non-commutative stochastic analysis. 



1. Introduction 

Originally, the interest in the study of representations of algebras and groups of operators on infinite- 
dimensional Hilbert or Banach spaces is to be found, as one of the main motivations, in problems arising 
from Quantum Physics. In this setting, unitary groups of operators can be interpreted as symmetry 
groups while the self-adjoint operators are thought of as observable objects, hence the direct approach to 
such questions leads naturally to representations both involving algebras generated by commutative or 
non-commutative canonical relations, and groups of unitaries on Hilbert spaces; see for instance |GW54) . 
[Sh62j . or |Se57| . Over the years, there have been important developments of this initial approach, in 
papers devoted to analyze or classify a wide variety of representations, and yet many questions remain 
open in the subject. It is certainly desirable to transfer to this field methods, or at least ideas, of the rich 
representation theory of finite-dimensional Lie groups. 

In this respect, recall that geometric representation theory is a classical topic in finite dimensions. 
Its purpose is to shed light on certain classes of representations by means of their geometric realizations 
(see for instance [NeOO] ) . Thus the construction of geometric models of representations lies at the heart 
of that topic, and one of the classical results obtained in this direction is the Bott-Borel-Weil theorem 
concerning realizations of irreducible representations of compact Lie groups in spaces of sections (or higher 
cohomology groups) of holomorphic vector bundles over flag manifolds; see Bo57]. Section spaces of 
vector bundles also appear in methods of induction of representations, of Lie groups, from representations 
initially defined on appropriate subgroups. Induced representations are required for instance by the so- 
called orbit method, consisting of establishing a neat link between general representations of a Lie group 
and the symplectic geometry of its coadjoint orbits; see [Ki04j or [Fo95| . Such sections are quite often 
obtained out of suitable square-integrable functions on the base space of the bundle. 

Sometimes these ideas work well in the setting of infinite-dimensional Lie groups, in special situations 
or for particular aims; see for example |Bo80| . [Ki04j . and [Ne04| . However, several difficult points are 
encountered when one tries to extend these ideas in general, and perhaps the most important one is related 
to the lack of an algebraic structure theory for representations of these groups. Also, it is not a minor 
question the fact that, in infinite dimensions, there is no sufficiently well-suited theory of integration. The 
most reasonable way to deal with these problems seems to be to restrict both the class of groups and the 
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class of representations one is working with. Moreover, one is led quite frequently to employ methods of 
operator algebras. See for example [SV02| . where the study of factor representations of the group U(oo) 
and AF-algebras is undertaken. There, a key role is played by the Gelfand-Naimark-Segal (or GNS, for 
short) representations constructed out of states of suitable maximal abelian self-adjoint subalgebras. 

The importance of GNS representations as well as that of the geometric properties of state spaces in 
operator theory are well known. In |BR07| . geometric realizations of restrictions of GNS representations 
to groups of unitaries in C*-algebras are investigated. Suitable versions of reproducing kernels on vector 
bundles are considered, in order to build representation spaces formed by sections. This technique has 
already a well-established place in representation theory of finite-dimensional Lie groups; see for instance 
the monograph [NeOOj. In some more detail, let 1 E B C A he unital C*-algebras such that there exists 
a conditional expectation E: A ^ B. Let and Us be the unitary groups of A and B respectively, 
and ip a state of A such that Lpo E — (p. A reproducing kernel Hilbert space Ti.^,E can be constructed out 
of (fi and E, consisting of C°° sections of a certain Hermitian vector bundle with base the homogeneous 
space Ua/Ub, and the restriction to \Ja of the GNS representation associated with ip can be realized (by 
means of a certain intertwining operator) as the natural multiplication of U^i on TL^^e] see Theorem 5.4 
in |BR07| . This theorem relates the GNS representations to the geometric representation theory, in the 
spirit of the Bott-Borel-Weil theorem. In view of this result and of the powerful method of induction 
developed in [Bo80| . it is most natural to ask about similar results for more general representations of 
infinite-dimensional Lie groups. 

Another circle of ideas is connected with holomorphy. Recall that this is the classical setting of the Bott- 
Borel-Weil theorem of |Bo57| involving the flag manifolds, and it reinforces the strength of applications. 
On the other hand, the idea of complexification plays a central role in this area, inasmuch as one of the 
ways to describe the complex structure of the flag manifolds is to view the latter as homogeneous spaces 
of complexiflcations of compact Lie groups. (See I LS91j . [Bi03| . [Bi04J, and [Sz04| for recent advances in 
understanding the differential geometric flavor of the process of complexification.) In some cases involving 
finiteness properties of spectra and traces of elements in a C*-algebra, it is possible to prove that the 
aforementioned infinite-dimensional homogeneous space Va/^b is a complex manifold as well and the 
Hilbert space Tdp^E is formed by holomorphic sections (see Theorem 5.8 in IB ROT) ). 

One can find in Section [2] of the present paper some related results of holomorphy in the important 
special case of tautological bundles over Grassmann manifolds associated with involutive algebras. For 
the reader's convenience, these results are exposed in some detail since they illustrate the main ideas 
underlying the present investigation. (A complementary perspective on these manifolds can be found in 
jBN05j ). Apart from the above two examples, the holomorphic character of the manifolds U^/Us (and 
associated bundles) is far from being clear in general. On the other hand, the aforementioned conditional 
expectation E: A B has a strong geometric meaning as a connection form defining a reductive structure 
in the homogeneous space Ga/Gb', see |ACS95| and [CG99| . Since X is the Lie algebra of the complex 
Banach-Lie group Gx for X = A and X = i3, it is important to incorporate full groups of invertibles 
to the framework established in [BR07| . Note also that Gx is the universal complexification of Ux, 
according to the discussion of [Ne02] . 

Brief description of the present paper. One of our aims in the present paper is to extend the 
geometric representation theory of unitary groups of operator algebras to the complex setting of full 
groups of invertible elements. For this purpose we need a method to realize the representation spaces as 
Hilbert spaces of sections in holomorphic vector bundles. If one tries to mimic the arguments of pROT] 
then one runs into troubles very soon (regarding the construction of appropriate reproducing kernels), 
due to the fact that general invertible elements of a C*-algebra lack, when considered in an inner product, 
helpful cancellative properties (that unitaries have). This can be overcome by using certain involutions 
z 1-^ z~* (that come from the involutions of C*-algebras) on the bases of the bundles, but then the 
problem is that our bundles lose their Hermitian character. 

So we are naturally led toward developing a special theory of reproducing kernels on vector bundles. 
Section [3] includes a discussion of a version of Hermitian vector bundles suitable for our purposes. We 
call them like- Hermitian. The bases of such vector bundles are equipped with involutive diffeomorphisms 
z ^ z~* , so that we need to find out a class of reproducing kernels, compatible in a suitable sense with 
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the corresponding difFeomorphisms, which we caU here reproducing (— *)-kernels. The very basic elements 
for the theory of reproducing (— *)-kernels are presented in Section[4](it is our intention to develop such a 
theory more sistematically in forthcoming papers). In Section[5]we discuss examples of the above notions 
which arise in relation to homogeneous manifolds obtained by (smooth) actions of complex Banach-Lie 
groups (see Definition 13. lOp . These examples play a critical role for our main constructions of geometric 
models of representations; see Theorem 15.21 and Theorem 15.41 In particular, Theorem 15.41 provides the 
holomorphic versions of such realizations. In order to include the homogeneous spaces of unitary groups 
Ua/Ub in the theory and to avoid the fact that they are not necessarily complex manifolds, we had to 
view them as embedded into their natural complexifications G^/Gs. 

It is remarkable that, using a significant polar decomposition of Ga found by Porta and Rech, relative 
to a prescribed conditional expectation (see [PR94j ). it is possible to interpret the manifold Ga/Gb 
as (diffeomorphic to) the tangent bundle of U^/Ub, see Theorem 15.61 and Theorem 15.101 below. These 
properties resemble very much similar properties enjoyed by complexifications of manifolds of compact 
type in finite dimensions. This may well mean that the homogeneous spaces Ua/Us and Ga/Gb are 
good substitutes for compact homogeneous spaces in the infinite-dimensional setting. 

The set of ideas previously exposed can be used to investigate geometric models for representations 
which arise as Stinespring dilations of completely positive maps on C*-algebras A. In this way we 
shall actually end up with a geometric dilation theory of completely positive maps. This in particular 
enables us to get more examples of representations of Banach-Lie groups (namely, \Ja, Ga) which admit 
geometric realizations in the sense of |BR07j . Also, just by differentiating it is possible to recover the whole 
dilation on A and not only its restriction to \Ja or Ga, see Theorem 16. 10[ and this provides a geometric 
interpretation of the classical methods of extension and induction of representations of C*-algebras (see 
jDi64| and [Ri74| ) . We should point out here that there exist earlier approaches to questions in dilation 
theory with a geometric flavor — see for instance |ALRS97) . [ArOOj . [Po01| . or |MS03j — however they are 
different from the present line of investigation. 

The last section of the paper. Section [7l is devoted to showing, by means of several specific examples, 
that the theory established here has interesting links with quite a number of different subjects in operator 
theory and related areas. 

For the sake of better explanation, we conclude this introduction by a summary of the main points 
considered in the paper. These are: 

- a theory of reproducing kernels on vector bundles that takes into account prescribed involutions 
of the bundle bases (Section [4]); 

- in the case of homogeneous vector bundles we investigate a circle of ideas centered on the rela- 
tionship between reproducing kernels and complexifications of homogeneous spaces (Theorems 
EUandEH); 

- by using the previous items we model the representation spaces of Stinespring dilations as spaces 
of holomorphic sections in certain homogeneous vector bundles; thereby we set forth a rich panel 
of differential geometric structures accompanying the dilations of completely positive maps (Sec- 
tion [6|); for one thing, we provide a geometric perspective on induced representations of C*- 
algebras (cf. |Ri74| ): 

- as an illustration of our results we describe in Section [7] a number of geometric properties of orbits 
of representations of nuclear C*-algebras and injective von Neumann algebras fCoroUarv 17.21) . 
similarity orbits of conditional expectations, and some relationships with representations of Cuntz 
algebras and endomorphisms of B(Ti.), as well as with non-commutative stochastic analysis. 

2. Grassmannians and homogeneous Hermitian vector bundles 
We begin with several elementary considerations about idempotcnts in complex associative algebras. 

Notation 2.1. We are going to use the following notation: A is a unital associative algebra over C with 
unit 1 and set of idempotents 7-" (A) = {p G A \ — p}', for pi,p2 G V the notation pi ^ p2 means 
that we have both piP2 = P2 and P2P1 = Pi- For each p £ 'P(^) we denote its equivalence class by 
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[p] '■— {l G T-'i-^) I 9 ^ p}- The quotient set is denoted by Gr[A) = V{A)/ ^ (the Grassmannian of A) 
and the quotient map by tt: p [p], V Gr{A). 

The group of invertible elements of A is denoted by Ga, and it has a natural action on P{A) by 

a: {u,q)>^uqu-^, Ga x V{A) V{A). 

The corresponding isotropy group at p e ViA) is {u e Ga \ a{u,p) = p} — Ga n {p}' — G^pi,/ =: G{p) 
where we denote by {p}' the commutant subalgcbra of p in A (see page 484 in jDG02| ). □ 

Lemma 2.2. There exists a well-defined action of the group Ga upon Gt{A) like this: 

(3: (u, [p]) ^ [upu-^], Ga x Gy{A) ^ Gt{A), 

and the diagram 

Ga X V{A) — ^ V{A) 

ido 

Ga X Gi{A) ^ ) Gr{A) 

is commutative. 

Proof. See for instance the end of Section 3 in [DG01| . □ 

Definition 2.3. For every idempotent p G ViA) we denote by Ga([p]) the isotropy group of the action 

/3: Ga X Gr{A) Gr(A) at the point [p] G Gt{A), that is, GaUp]) = {u e Ga \ [upu-^] = [p]}. □ 

The following statement concerns the relationship between the isotropy groups of the actions a and P 
of Ga upon ■P(A) and Gr(A), respectively. 

Proposition 2.4. The following assertions hold. 

(i) For every p G V{A) we have Ga{[p]) n Ga([1 -p]) = G{p). 

(ii) If \J is a subgroup of Ga arid p G ^{A) is such that U n Ga([p]) = U n Ga([1 — p]), then 

unGA(H) = unM'=:U(p). 

Proof, (i) We have 

GaUp]) ^{ueGaI [upu-^] = [p]} and Ga{[1 - p]) = {u e Ga \ [u{l ~ p)u-^] = [1-p]}, 

so that clearly Ga([p]) n Ga([1 — p]) 12 Ga n {p}'. For the converse inclusion let u e Ga([p]) n Ga([1 — p]) 
arbitrary. In particular u € Ga([p]), whence upu~^ ^ p, which is equivalent to the fact that {upu^^)p — p 
and p{upu~^) = upu~^. Consequently we have both 

(2.1) pu~^p — u~^p 
and 

(2.2) pup — up. 

On the other hand, since u G Ga([1 — p]) as well, it follows that (1 — p)u^^{l — p) = u^^{l — p) and 
(1 — p)u{'\. — p) = u{\ — p). The later equation is equivalent to u — up — pu + pup = u — up, that is, 
pup — pu. Then ()2.2p implies that up = pu, that is, u G G{p). 

(ii) This follows at once from part (i). □ 

Remark 2.5. For instance. Proposition I2.4r ii) can be applied if the algebra A is equipped with an 
involution a i— > a* such that p = p* , and U = Ua '-^ {u € G^ | u^^ — m*} is the corresponding 
unitary group. In this case, it follows by (|2.1[) and (|2.2[) that up — pu whenever u £ \Ja H Ga([p]), hence 

Va n GaUp]) = Ua n Ga{[i-p]) = n M' Va{p)- 

For q e ViA), put q := 1 — q and A'^ :— {a £ A \ qaq = 0}. The following result is partly a counterpart, 
for algebras, of Proposition [ 



Proposition 2.6. Assume that A is equipped with an involution and let p G Vi^A) such that p 
Then the following assertions hold: 
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(i) uA^u ^ — AP , for every u e Ua(p) ; 

(ii) APnAP ^ {p}' ; 

(iii) AP + AP ^ A; 

(iv) {APy = AP. 

Proof, (i) This is readily seen. 

(ii) Firstly, note that, for a G A, we have pap — pap if and only if ap = pa. Moreover, if ap ~ pa then 
pap — ap — pap — ap~ ap — and analogously pap = 0. From this, the equality of the statement follows. 

(iii) For every a £ A and q S ^^{A) we have qa E A''. Hence a = pa + pa G Ap + Ap , as we wanted to 
show. 

(iv) Take a e Ap. Then pap = ap, that is, pa*p = pa*. Hence, pa*p — (a* — pa*)(l — p) = 
a* — pa* — a*p + a*p — a* — a*p = a*p. This means that a* e Ap. Conversely, if a G Ap then, as above, 
pa*p = a*p; that is, a = (a*)* with a* G AP. □ 

Assume from now on that A is a. unital C* -algebra. Then Ga is a Banach-Lie group whose Lie algebra 
coincides with A. The G^i-orbits in Gr(^), obtained by the action f3 and equipped with the topology 
inherited from Gr(A), are holomorphic Banach manifolds diffeomorphic to Ga/GaUp]) (endowed with its 
quotient topology), see Theorem 2.2 in J3G02J. Also, the Grassmannian Gr{A) can be described as the 
discrete union of these G^-orbits, see jPGOlj and Theorem 2.3 in |DG02j . Moreover, Ua is a Banach-Lie 
subgroup of Ga with the Lie algebra Ua '■= {a G A \ a* = —a}. As it is well known, the complexification 
of ua is A, via the decomposition a = {(a — a*)/2} -I- i{(a -I- a*)/2i}, (a G A). Thus the conjugation of 
A is given by a a := {(a — a*)/2} — i{(a + a*)/2i} = —a*. We seek for possible topological and/or 
differcntiable relationships between the G^^-orbits and the U^i-orbits \Ja/Va{p) in Gr{A). 

Let p = p* G ViA) and ua{p) ■— ua H {p}'. It is clear that ua{p) + iUyi(p) = {p}'- Also, there is a 
natural identification between ua/ua{p) and the tangent space T[p]{\JA/VAip))- 

The above observations and Proposition 12.61 vield immediately the following result. Let Adu denote 
the adjoint representation of Uyi. 

Proposition 2.7. With the above notations, 

Aduiu)AP(iAP, (ugUa(p)); APnAfi ^UAip) + iuAip)] Ap + A^ = A. 

In particular, ua/ua{p) — A/ AP whence we obtain that \i a/^ a{p) md Ga/GaUp]) are locally diffeomor- 
phic, and so \JA/VAip) inherits the complex structure induced by G{A)/GAi[p]). 

Proof. The first part of the statement is just a rewriting of Proposition [5111 Then the result follows from 
Theorem 6.1 in [Be06] . □ 

Remark 2.8. Since Ga{p) C Gyi([p]), there exists the canonical projection Ga/Ga{p) ^ Ga/Ga{[p]). 
It is clear that its restriction to IJ a /Va{p) becomes the identity map \Ja/Va{p) Ua/Ua([p])- We 
have seen that \Ja/Va{p) enjoys a holomorphic structure inherited from that one of Ga/Ga{\p]). More- 
over, GA/GAip) is a complexiEcation of \Ja/Va{p), in the sense that there exists an anti- holomorphic 
diffeomorphism in Ga/Ga^p) whose set of fixed points coincides with \J a/V a{p)'- 

The mapping aGAip) (,o,*)~^GAip), GA/GAip) Ga/GaIp) is an anti- holomorphic diffeomor- 
phism (which corresponds to the mapping apa^^ {a*)^^pa* in terms of orbits). Then aGA{p) = 
{a*)~^GA{p) if and only if {a*a)GA{p) = Ga{p), that is, {a*a)p = p{a*a). Using the functional cal- 
culus for C*-algebras, we can pick 6 :— +\/a*a in A and obtain bp — ph. Since a*a = h^ = b*b we 
have {ab"^)* = (b^^)*a* = (b*y^a* = ba^^ = (ab^^)^^ and therefore u := ab^^ G U^- Finally, 
aGAip) = ubGAip) = uGa{p) = u\Ja{p) e \Ja/Va{p)- 

According to Proposition 12.41 (i), idempotents like apa^^ = aGyi(p), for a G G^, can be alternatively 
represented as pairs {a[p]a~^, {a*)^^[p]a*) so that the "orbit" Ga/Ga{p) becomes a subset of the Carte- 
sian product Gy!i([p]) X Gyi([p]). In this perspective, the preceding projection and diffeomorphism are 
given, respectively, by 

ia[p]a-\{a*)-'[p]a*) ^ a[p]a-' = {a[p]a-\a[p]a-'), Ga/Ga{p) ^ Ga/Ga{[p\) 
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(so {u[p]u ^,u[p]u ^) 1-^ upu ^ = {u[p]u ^,u[p]u "'"), when u G \Ja) and 

{a[p]a-\{a*r'[p]a*) - {(a*)-'[p]a* ,a[p]a~^), 

for every a e Ga- □ 

Remark 2.9. Proposition l2 . 71 relates to the setting of 'BR07] . Namely, assume that _B is a C*-subalgebra 
of A, with 1 Q B C A, for which there exist a conditional expectation E: A^ B and a state Lp: A^ C 
such that (f o E ^ ip. For X G {A,B}, we denote by (px the state ip restricted to X. Let Hx be 
the Hilbert space, and let ttx ■ X BCHx) be the corresponding cyclic representation obtained by the 
Gelfand-Naimark-Segal (GNS, for short) construction applied to the state ipx : X ^ C Thus, Hx is the 
completion of X/Nx with respect to the norm ||?/ + A'^xHi/j ■= 'p{y*y)i where Nx :— {y G X \ (p{y*y) = 0}. 
The representation ttx is then defined as the extension to Hx of the left multiplication of X on X/Nx- 
Let P denote the orthogonal projection P : Ha -^Hb- 

An equivalence relation can be defined in Ga ^Hb^Y setting that (51, hi) ^ (52, (with 51, g2 G Ga, 
/ii,/i2 G Hb) if and only if there exists w G Gb such that 52 — giw and /12 = T^B{w^^)hi. The 
corresponding quotient space will be denoted by G^ x Hb , and the equivalnce class in Ga x Gb of the 
element {g, h) G Ga x Hb will be denoted by [{g, h)] . Define x Hb in an analogous fashion. Then the 
mappings Ug- [{g, h)] ^ qGb, Ga Xgb Ga/Gb and n^/: [(m, h)] ^ u\Jb, Va XVb'^b^ Ua/Ub 

are vector bundles, Tijj being Hermitian, in fact. Moreover, Yijj admits a reproducing kernel K with the 
associated Hilbert space H^ , formed by continuous sections of 11^/, such that the restriction of the GNS 
representation tt^ to can be realized on 7i^, see [_BI107| . 

Let us apply the above theory to the case when, for a given unital C*-algebra A, we take B := {p}' 
in A, where p ^ p* Cz V{A). Then Ep: a t—^ pap + apa, A ^ B is a conditional expectation from A 
onto B. Let 7i be a Hilbert space such that A ^ B{H). Pick a:o G pH such that ||a;o|| = 1. Then 
(^0 : ^ — *■ C, given by iy9o(a) '■— (axo | xq)-h for all a G A, is a state of A such that ipQ o Ep = po- The 
GNS representation of A associated with ipQ is as follows. Set (ai | 02)0 ■— ^o{o-2'^i) = (0201X0 | xo)-^ = 
(flixo I a2Xo)H for every 01,02 G A. So (po{a*a) = ||o(a;o)|P for all a G A, whence the null space of 
(• I •)o is iVo := {o G A : (o I 0)0 = 0} = {o G A : a{xo) = 0}. The norm || • ||o induced by (• | •)o on 
A/Nq is given by ||/i||o = ||o + A'"o||o ■— "150(0*0)^/^ — ||o(xo)||-h = ll^llw for every h G A{xo) C H, where 
o(xo) = h ^ a + Nq. Hence Ha is a closed subspace of H such that qHa C Ha for every a E A. Note 
that Ha coincides with H provided that we can choose xq in H such that A{xo) is dense in H. This will 
be of interest in Remark 12.181 below. 

Analogously, we can consider the restriction of (• | •)o to B and proceed in the same way as above. 
Thus we obtain that the corresponding null space is B O Nq, that the norm in B/{B O Nq) is that one of 
pH (so that one of H), and that Hb is a closed subspace of pH such that bHB C Hb for every b G B. 
Also, Hb = pH if xq can be chosen in pH and such that B{xq) is dense in pH. 

The representation tt^: o ^ 7r(o), A — > B{Ha) is the extension to Ha of the left multiplication 
TTA{a): a' + No i-> (oo') + 7Vo, A/Nq A/Nq. Thus it satisfies 7rA(o' + A'"o) = (oa') + A'"o = o(o'a;o) = a{h), 
if {a' + Nq) <-> a{xo) = h. In other words, tt^ is the inclusion operator (by restriction) from A into B{Ha)- 
Also, TTs is in turn the inclusion operator from B into B{Hb)- 

Since Ep{No) C A^'o, the expectation Ep induces a well-defined projection P: A/Nq B/{Nq n B). 
On the other hand, Ep{a*a) — Ep(a)* Ep{a) = pa*pap -\- pa*pap > since p,p> 0. Hence P extends once 
again as a bounded projection P: Ha — *■ Hb- Indeed, ii h — a{xo) with o G A, we have 

P{h) = P{a + No) = E{a) + {B n No) = E{a){xo) = {pa){xo) = p(/i), 

that is, P = p\nA- ^ 

In the above setting, note that U_b — U(p)- Let r(UA/U(p),Uyi '^\]{p) Hb) be the section space of 
the bundle Wjj- The reproducing kernel associated with H[/ is given by Kp{ui\]{p),U2\i{p))[{u2, f2)\ '■= 
[{ui,pui^U2f2)], for every Mi, M2 G and /2 G Hb- The kernel Kp generates a Hilbert subspace H^" of 
sections in r(UA/U(p), Ua ^v{p)'^b)- Let 7^: Ha ^ r(UA/U(p),UA Xu(p)'^b) be the mapping defined 
by 7p(/i)(uU(p)) := [(u,pu~^/i)] for every h G T^a and u G Ua- Then jp is injective and it intertwines 
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the representation tta of Ua on Ha and the natural action of Ua on H^'' ; that is, the diagram 

AtA > AtA 



(2.3) 7p 



7p 



is commutative for all u E Ua, where fJ.{u)F := uF{u^^ ■ ) for every F e r(UA/U(p), Ua Xu(p) "^b)- 
In fact 7(u/i)(tiU(p)) := [{Vjpv^'^uh)] = u[{u^^v,pv^'^uh)] —: u{'j{h){u^^v\J{p))} for all u,v G Ua- 
See Theorem 5.4 of jBR07) for details in the general case. We next show that H^'' in fact consists of 
holomorphic sections. 

Proposition 2.10. Let A be a unital C* -algebra, p = p* £ ^^{A), and B := {p}' . In the above notation, 
the homogeneous Hermitian vector bundle IIj/ : Ua ^U(p) ~* Ua/U(p) is holomorphic, and the image 
of Ip consists of holomorphic sections. Thus Ti^^ is a Hilbert space of holomorphic sections ofIl(j. 

Proof. Let uq G Ua- Then flo ■— {uog \ g G Ga, ||1 ^ 5^^ll < 1} is open in Ga and contains uq, and 
similarly with Qu :— H Ua in Ua- 

It is readily seen that the mapping tpo- [{u, f)] i-^ {u\J{p), Ep{u^^UQ^)^^ f), n^^(ilc/) fljj x TLb 
is a diffeomorphism, with inverse map {uU{p),h) [{uEp{u^^), h)] (this shows the local triviality of 
!![/). Thus every point in the manifold Ua Xu(p) Hb has an open neighborhood which is diffeomorphic 
to the manifold product W x He, where W is an open subset of Ua/U(p). By Proposition [2J1 Ua/U(p) 
is a complex homogeneous manifold and therefore the manifold Ua ^\j{p) T^b is locally complex, i.e., 
holomorphic. Also the bundle map Ilij is holomorphic. 

On the other hand, for fixed h G TYa, the mapping ctq : (7Ga([p]) Ep{g^^u^^)^^pg~^h, Uq — > "Hb is 
holomorphic on flc, so it defines a holomorphic function ctq : i^cGAiip]) He- By Proposition 12 . 71 the 
injection j : Ua/U(p) ^ Ga/Ga([p]) is holomorphic, and so the restriction map r :— agoj is holomorphic 
around uo\J{p). Since 7(^1) = -0(7^ ° (^^u ^ around uoU(p), it follows that 7(^1) is (locally) holomorphic. 

Finally, by applying Theorem 4.2 in [BR07| we obtain that Kp is holomorphic. □ 

The starting point for the holomorphic picture given in Proposition l2 . 1 Ol has been the fact that Ua/U(p) 
enjoys a holomorphic structure induced by the one of Ga/G([p]), see Proposition 12.71 Such a picture 
can be made even more explicit if we have a global diffeomorphism Ua/Ua(p) — Ga/Ga([p])- The 
prototypical example is to be found when A is the algebra of bounded operators on a complex Hilbert 
space. Let us recall the specific definition and some properties of the Grassmannian manifold in this case. 

Notation 2.11. We shall use the standard notation B{'H) for the C*-algebra of bounded linear operators 
on the complex Hilbert space H with the involution T 1-^ T*. Let GL(TC) be the Banach-Lie group of all 
invertible elements of B{H), and U(H) its Banach-Lie subgroup of all unitary operators on H.. Also, 

• Gr(H) := {5 I 5 closed linear subspace of Ti.}; 

• T{n) := {(5,x) G Gr(H) x H | a; G 5} C Gr(7i:) x H; 

• H-H : (5, x) ^ S, T{n) Gr(H); 

• for every S G Gr(7i) we denote hy p^ : Ti ^ S the corresponding orthogonal projection. 

□ 

Remark 2.12. The objects introduced in Notation 12.111 have the following well known properties: 

(a) Both Gr(7i) and T(7i) have structures of complex Banach manifolds, and Gr(7i) carries a natural 
(non-transitive) action of U(7i). (See Examples 3.11 and 6.20 in |Up85|, or Chapter 2 in |Do66j .l 

(b) For every So G Gr(7i) the corresponding connected component of Gr(7i) is the GL(7i)-orbit and 
is also the U(7i) -orbit of So, that is, 

GTs„{n) = {gSo I g e GL{n)} = {uSo \ u g \J{n)} 

= {5 G Gr(7i:) I dim5 = dim^o and dim5^ = dim5([} ~ U(7i)/(U(5o) x V{S^)). 

(See Proposition 23.1 in |Up85| or Lemma [2.131 below, alternatively.) 
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(c) The mapping Ilu : T(7i) ~f Gr(7i) is a holomorphic Hcrmitian vector bundle, and we call it 
the universal (tautological) vector bundle associated with the Hilbert space Ti.. Set Tsg{Ti.) := 
{{S,x) &T{H)\S € Gys,,{U)}. The vector bundle Ts.X'H) Gr5„(H) obtained by restriction 
of Tin to Tsq{T-L) will be called here the universal vector bundle at Sq. It is also Hermitian and 
holomorphic. 

□ 

Property (b) in Remark [2. 121 means that Ua/Ua{pSo) — GaIGa{[pSo\) for A = B{H). For the sake 
of clarification we now connect Notation 12.11 and Notation 12.111 in more detail. For A ~ B{TL) we have 
Gr(A) = Gr(7i), and with this identification the action (3 of Lemma [2]2] corresponds to the natural action 
(so-called collineation action) of the group of invertible operators on H. upon the set of all closed linear 
subspaces of Ti. The following lemma gives us the collineation orbits of Gr(7i) in terms of orbits of 
projections, and serves in particular to explain the property stated in Remark 1 2 . 1 2r b) . 

For short, denote g = GL(7^) and U = U(7^). 

Lemma 2.13. Let Sq G Gr(7i). Then the following assertions hold. 

(i) G{[pso]) = {g(^G\gSo^ So} and U{[pso]) = U{ps,) = {u(.U\uSg = 5o}. 

(ii) For every g € Q and S = gSo we have S-^ = {g*)~^{S^). 

(iii) We have 

Grsoin) = {gSo \ g e G} ^ {[gPSo9~'] 1 .9 £ 5} 
= {uSq \ u ^14} ~ {upsgU^^ I u e U}. 

(iv) We have 

u/ii{ps,)^g/g{[pso])^Grs,{n), 

where the symbol " ~ " means diffeomorphism between the respective differentiate structures, and 
that the differentiate structure of the quotient spaces is the one associated with the corresponding 
quotient topologies. 

(v) Q/Q[pso) — {[aSo,[a*)^^So) \ a ^ Q} and the map {aSo,[a*)^^So) ^ [[a*)^^So,aSo) is an 
involutive diffeomorphism on Q /Q{pso)- of fixed points is Gvga (Ti.) = {{uSq, uSq) \ u Cz U}. 

Proof, (i) As shown in Proposition [2]4l an element g of Q belongs to ^([pso]) if and only if PSog~^PSo = 
g^^PSo ^rid psog PSo = 9 PSo- From this, it follows easily that g{So) C Sq and (7~^(5o) C Sq, that is, 
g(5o) = Sq. Conversely, if gi^Sa) C Sq then {g psa){'H) C PSoW whence pso9 PSa = 5 PSo; similarly, 
.g~^(5o) C Sq implies that pso9~^PSo = 9^^PSq- In conclusion, Q{[psa\) = {9 ^ Q \ 9Sq = Sq}. 
Now, the above equahty and Remark [^3] imply that U{[ps^^]) = U{psq) = {u \ uSq — Sq}. 

(ii) Let X e St, y e S. Then {{g*)-\x) \ y) = '{{g-^Tix) \y) = {x\ g-\y)) = 0, so {g*)-\St) C S^. 
Take now y G S^ , x = g*{y) and z G Sq. Then {x \ z) = {9*{y) \ z) = [y \ g{z)) — 0, whence x £ Sq and 
therefore y = ig*)-H9*y) = i9*)~\x) G i9*)~HSft). In conclusion, S^ = ig*)-\St). 

(iii) By (ii), we have u{Sq) — u{Sq)'^ for u E U. Thus S = u{Sq) if and only if dim5 = dim5o and 
dimiS-*- — dim5(f . Also, if 5 = u{Sq) and 5^ = u(5(f ), then upgg = psu, that is, ps = upsgU^^- Hence 
Gr5o(H) — {uSq \ u eU} — {S E Gt{H) \ dim5 = dim5o and dimiS""- = dimiS^^} ~ {upsgU^^ \ u e U}. 

Suppose now that S — gSQ with g G G- Then dim5 = dim5o. By (ii) again, 5^ — (.g*)^^(5j") and so 
dim5^ = dimiS(f . Hence S E GigoO^)- Finally, the bijective correspondence between gSQ and g[pso]9~^ 
is straightforward. 

(iv) This is clearly a consequence of parts (iii) and (i) from above, and Theorem 2.2 in [DG02| . 

(v) For every a E Q, the pairs {oSq, (a*)^^5o) and {a[p]a^^, {a*)~^[p]a*) are in a one-to-one correspon- 
dence, by part (iii) from above. Hence, this part (v) is a consequence of Remark 12.81 □ 

Parts (iv) and (v) of Lemma r2. 131 tell us that the Grassmannian orbit Grsg{'H) is a complex manifold 
which in turn admits a complexification, namely the orbit Q/G{ps„). 

Remark 2.14. As said in Remark l2.12r b). every GL(?i)-orbit (and so every U(7Y)-orbit) is a connected 
component of Gr(7i). Let us briefly discuss the connected components of Gt{A) when A is an arbitrary 
unital C*-algebra. Every element g E Ga has a unique polar decomposition g = ua with u E Va and 
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< a G Ga, hence there exists a contmuous path t u ■ ((1 — + to) in Ga that connects u = u ■ 1 
to g — u ■ a. Thus every connected component of the G^i-orbit of [p] G Gt{A) contains at least one 
connected component of the UA-orbit of [p] G Gr{A) for any idenipotent p e ViA). (Loosely speaking, 
the Uyi-orbit of [p] has more connected components than the G^-orbit of [p].) Example 7.13 in [PR87] 
shows that the C*-algebra A of the continuous functions A/2(C) has the property that there indeed 

exist Gyi-orbits of elements [p] e ^^{A) which are nonconnected. 

If the unitary group U^i is connected (so that the invertible group Ga is connected), then all the U^i- 
orbits and the G^-orbits in Gi{A) are connected since continuous images of connected sets are always 
connected. On the other hand, as said formerly, the Grassmannian Gr{A) is the discrete union of these 
G^-orbits. Thus if the unitary group Va is connected, then the connected components of Gt{A) are 
precisely the G^-orbits in Gr{A). One important case of connected unitary group \Ja is when A is a 
VF* -algebra (since every u G \Ja can be written as m = exp(ia) for some a — a* £ A hy the Borel 
functional calculus, hence the continuous path t i-^ exp(ita) connects 1 to m in \Ja)- For M^*-algebras 
such that Gr{A) is the discrete union of UA-orbits, it is then clear that the Gyi-orbits and the U^i-orbits 
coincide. This is the case if A is the algebra of bounded operators on a complex Hilbert space, as we 
have seen before. □ 

The universal bundle T^j, (7i) — )■ Gr^,-, (7i) can be expressed as a vector bundle obtained from the so- 
called (principal) Stiefel bundle associated to psg ^ Sq, see |DG02] . A similar result holds, by replacing 
the Stiefel bundle with certain, suitable, of its sub-bundles. To see this, let us now introduce several 
mappings. 

Put p psg. We consider Q 'Xg{[p]) So and U 'Xu(p) Sq as in Remark 12.91 Note that giSa = g2So 
and gi{hi) = 32(^2) (51,52 G Q, hi,h2 € Sq) if and only if (51, /ii) (52,^12), via w = 5f^52 € GiM), 
in Q X Sq. Hence, the mapping vg: G So — > Tsa{'H) defined by vg{{g,h)) = {gSo,g{h)) for every 
(5, h) £ Q X So, induces the usual (canonical) quotient map vg : G Xg([p]) — > Tsg{H). We denote by vu 
the restriction map of vg on G ^ So- As above, the quotient mapping vu : U ^u{p) So — > TsaOi-) is well 
defined. 

Since U{p) = IAC\ G{[p\), the inclusion mapping j : U '><u{p) So ^ G '^g{lp]) Sq is well defined. Note that 
j = {vgy^ o v^. 

Finally, let Pg : G ^g{[p]) So G/G{[p]) and Pu : U x^^p-^ So U/U{p) denote the vector bundles built 
in the standard way from the Stiefel sub-bundles g 1— > gG{[p]) — g{So), G G/G{[p]) — Grsg{H) and 
u ^ vLl{p) ~ u{So), U — > U/U{p) ~ GrSfiCH) respectively. 

Proposition 2.15. The following diagram is commutative in both sides, and the horizontal arrows are 
diffeomorphisms between the corresponding dijjerentiable structures 

^o(W) — > ^ '^U{p) Sq — - — > G Xg;([p]) ^0 

Grsoin) U/U{p) G/G{[p]) 

Proof. By construction, the mapping vu is clearly one-to-one. Now we show that it is onto. Let (5, h) G 
TsoCH). This means that h £ S and that S = uSq for some u G U. Then / := u~^{h) e Sq and h = u{f), 
whence vii{[{u, /)]) — (S, h), where [{u, /)] is the equivalence class of {u, f) in U 'Xu{p) So- Hence vu is a 
bijective map. 

Analogously, we have that vg is bijective from G ^g{[p]) Sq onto TsgiTi.) as well. As a consequence, 
j — [vg)^^ o vy is also bijective. It is straightforward to check that all the maps involved in the diagram 
above are smooth. □ 

Example 2.16. By Proposition l2.15l one can show that the universal, tautological bundle H-^ : Ts„ (H) 
GtsoO^) enters, as a canonical example, the framework outlined in Theorem 5.4 and Theorem 5.8 of 
[BMT] . 

To see this in terms of the bundle H-^ itself, first note that the commutant algebra {psoY of pg^ 
coincides with the Banach subalgebra B oi A formed by the operators T such that T{Sq) C Sq, T{So) C 
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Sq. (It is straightforward to check directly on B that it is stable under the adjoint operation, so that 
B is a C*-subalgebra of A, as it had to be.) Put p = psg. From Lemma [2.131 G ^(H) if ^ind only 
if uSq = So- Hence u e U{p) = i^{[p]) r]U{[l — p]) if and only if uSq — Sq and uSq — Sg, that is, 
U{p) =UAnB =Ub. 

Similarly to what has been done in Remark 12. 9[ let Ep-. A B denote the canonical expectation 
associated to the tautological bundle at Sq; that is, Ep{T) := pTp + pTp for every T G A. Also, for a 
fixed xq e So such that ||a;o|| = 1, let ip : A C he the state of A given by fo{T) := {Txq \ Xo)-h- Then 
ifio o Ep — ifiQ. Since the mappings T T{xo), B{H) H and T i-+ T{xo), B ^ Sq are surjective, 
we obtain that Ha — H, and Hb — Sq in the GNS construction associated with A — B{TL), B and tpo- 
Moreover, in this case, it a coincides with the identity operator and the extension P: Ha — > He of Ep is 
P = p. Denote by pi,P2- Gr(7i) x Gi(H) Gr(7i) the natural projections and define 

Qh: GriH) x Gr(H) ^ Hom (p*(n„),p^ (H^)) 

by 

Qn{Si,S2) = {psi)\s2 ■■ S2^ Si 
whenever Si,S2 G Gr(7i). This mapping Q-^ is called the universal reproducing kernel associated with 
the Hilbert space H. In fact, for 5i, . . . , 5„ G Gr(H) and xj £ Sj {j — 1, . . . ,n), 

n n n n n 

{Qn{Si,Sj)xj I xi)n = ^ {ps,Xj \ xi)n = ^ {xj \ xi)n = C^x, \ ^x^h > 0, 
j.i=i j.i=i j.i=i j=i 1=1 

so Qn is certainly a reproducing kernel in the sense of |BR07| . □ 

Using Example 12.161 we get the following special case of Theorem 5.8 in [BR07j . 

Corollary 2.17. For a complex Hilbert space TL, the action of hi on TL can he realized as the natural 
action of hi on a Hilbert space of holomorphic sections from Gr5,j(7i) into TL, such a realization being 
implemented by j{uh) = u ^{h)u~^ , for every h G 7i, u G hi. 

Proof. If iS e Gr5„(7i), there exists u G hi such that uSq — S and then ps — upsgU^^ . Thus for all 
ui,U2 G hi and xi,X2 G So we have Qu{uiSotU2So){u2X2) = PuiSo{u2X2) = uips„{u'^^U2X2). This 
formula shows that for every connected component Grg^ [TL) the restriction of Q-h to Gr^^ (7i) x Grg^ [TL) 
is indeed a special case of the reproducing kernels considered in Remark 12.91 For every h G TL, the 
mapping ^p^^ (h) : Grgg {TL) Tg^ (H) which corresponds to Qn can be identified to the holomorphic 
map uSo i—f upu~^h, GT:sg{TL) —^ TL. Then the conclusion follows by using the diffeomorphism hi/hi{p) ~ 
g/g{[p]) ~ GiSoCH) of Lemma[2T3l together with Proposition [2lT5l □ 

Remark 2.18. Assume again the situation where A and B are arbitrary C*-algebras, i? is a C*- 
subalgebra of A, with unit 1 G B C A, E : A ^ B is a conditional expectation, and (^: A — + C is a state 
such that (foE — if. With the same notations as in Remark 12.91 take := 1 + Nb G B/Nb C A/Na- 
It is well known that xo is a cycHc vector of nx, for X G {A]B}: let h G TLx such that — {■k{c)xo \ 
h)ux = (c + Nx I h)ux for all cG X\ since X/Nx is dense in TLx we get = {h\ h)ux = II^IP: that is, 
h = Q. Thus 'iTx{X)xo is dense in TLx- 

Inspired by fAS94], we now consider the C*-subalgebra 21 of B{TLa) generated by ita{A) and p, where 
p is the orthogonal projection from TLa onto TLb- Set 05 := 21 n {p}'. Clearly, the GNS procedure is 
applicable to 03 C 2t C B{TLa), for the expectation i?p: 21 ^ 5B and state i-po defined by Xq, as we have 
done in Remark Then ■nA{A)[xo) C 2t(a;o) C TLa and ■nA{B){xo) C 03(a:o) C TLb, whence, by the 
choice of xo, we obtain that 2t(a;o) — Ha and ^{xq) — Hb- Thus we have that Tia = Ha and H<s = Hb- 

According to former discussions there are two (composed) commutative diagrams, namely 

GaXgb^b — ^ — > GaXQg,(p)7iB > ^'x,'^g^{\p])'^b > G 'Xg{[p])HB 



(2.4) n. 



Ga/Gb Ga/Ga(p) > Ga/Ga(b]) G/GUp]) 
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and 



(2.5) 



n 



Hf 



(where the meaning of the arrows is clear). We suggest to call Wq - Ga XQb ^ Ga/Gb and 
n^/ : T^b Ua/Ub the GNS vector bundle and the unitary GNS vector bundle^ respectively, 

for data E: A —f B and ip: A ^ C Following the terminology used in |AS94| . |ALRS97| for the 
maps Ga/Gb Gf^/G%{p), U^/Us \]-^/\]%{p), we could refer to the left sub-diagrams of l|2.4p 
and (|2.5p as the basic vector bundle representations of Wq and Ilfj, respectively. Since Ti^ = T-La and 
7i(B ^Ti-B, the process to construct such "basic" objects, of Grassmannian type, is stationary. Also, since 
there is another way to associate Grassmannians to the GNS and unitary GNS bundles, which is that 
one of considering the tautological bundle of Ha (see the right diagrams in (|2.4p . (|2.5p ). we might call 
GaXG5i(p)WB Ga/Ga([p]) the mmima/ Grassmannian vector bundle, and call Tn^ (Ha) Gr7^g(7iA) 
the universal Grassmannian vector bundle, associated with data E: A ^ B and 93 : A — > C. In the unitary 
case, we should add the adjective "unitary" to both bundles. 

Note that the vector bundles Q '^g{[p\) T^b G/G{[p]) and TubO^a) GvubO^a) are isomorphic. 
In this sense, both diagrams (|2.4p and (12. 5p "converge" towards the tautological bundle for Ha- Let 
us remark that (j2.4p is holomorphic, and everything in (|2.5p is holomorphic with the only possible 
exception of the bundle T\u . On the other hand, we have that Ga/Ga(p) and Q IQ{p) are complexifications 
of U2i/Ua(p) and U/U{p) respectively, on account of Remark 12.81 and Lemma [2.131 We shall see in 
CoroUarv 1 5 . 81 that Ga/Gb is also a complexification of Ua/Ub in general. Note in passing that the fact 
that Ga/Gb is such a complexification implies interesting properties of metric nature in the differential 
geometry of U^/Us, see |ALRS97j . 

The above considerations strongly suggest to investigate the relationships between (|2.4p and (|2.5p in 
terms of holomorphy and geometric realizations. In this respect, note that the commutativity of 12.51 
corresponds, at the level of reproducing kernels, with the equality 

(ttaxJ) o i4:(uiUB,U2U_B) = Qub{'^a{ui)U[p),tta{u2)U{p)) o (ttax/) 

for all ui,U2 € Va (where the holomorphy supplied by Qhb appears explicitly). From this, a first 
candidate to reproducing kernel on Ga/Gb, in order to obtain a geometric realization of tta on Ga, 
would be defined by 

K{giGB,92GB)[{92j)] [(5i,P('rA(<?r')^A(ff2)/))] 
for every 51, (?2 G Ga and / G TYb- Nevertheless, since the elements gi,(?2 are not necessarily unitary, 
it is readily seen that the kernel K so defined need not be definite-positive in general. There is also the 
problem of the existence of a suitable structure of Hermitian type in IIg. 

In the present paper, we propose a theory on bundles Ga xqb Hb — * Ga/Gb and kernels K ad hoc, 
based on the existence of suitable involutive diffeomorphisms in Ga/Gb, which allows us to incorporate 
those bundles to a framework that contains as a special case the one established in [BR07| . □ 

3. Like-Hermitian structures 

We are going to introduce a variation of the notion of Hermitian vector bundle, which will turn out to 
provide the appropriate setting for the geometric representation theory of involutive Banach-Lie groups 
as developed in Section [5l 

Definition 3.1. Assume that Z is a real Banach manifold equipped with a diffeomorphism z 1-^ z^*, 
Z ^ Z , which is involutive in the sense that (z~*)^* — z for all z ^ Z . Denote by pi,P2 '■ Z x Z ^ Z the 
natural projection maps. Let 11: D ^ Z be a smooth vector bundle whose fibers are complex Banach 
spaces (see for instance |AMR88j or [LnOlj for details on infinite-dimensional vector bundles). 

We define a like- Hermitian structure on the bundle 11 (with typical fiber the Banach space £) as a 
family {(• | ■)z.z-*}zgz with the following properties: 
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(a) For every z g Z, (• | Oz.z-* ■ x I?^-' ^ C is a sesquilinear strong duality pairing. 

(b) For all z e Z, ^ e D,,, and 77 e D^-, we have (CT^^,^-. = (?? | Oz-*,z- 

(c) If V is an arbitrary open subset of Z, and "^q-.V ^.E ^ n-i(F) and *i: V-* x£ ^ n-^{V-*) 
are trivializations of the vector bundle 11 over V and V^* (:= {z^* \ z S ^^}), respectively, then 
the function {z,x,y) 1-^ (\E'o(z,x) | 5'i(z~*, y))^ 2-. , x 5 x £ ^ C, is smooth. 

We call like-Hermitian vector bundle any vector bundle equipped with a like-Hermitian structure. □ 

Remark 3.2. Here we explain the meaning of condition (a) in Definition 13.11 To this end let X and y 
be two complex Banach spaces. A functional (• | •) : A" x 3^ — > C is said to be a sesquilinear strong duality 
pairing if it is continuous, is linear in the first variable and antilinear in the second variable, and both 
the mappings 

a:^(x|-), X^(yy, and y ^ (• | y), y^X*, 
are (not necessarily isometric) isomorphisms of complex Banach spaces. 

Here we denote, for any complex Banach space Z, by Z* its dual Banach space (i.e., the space of all 
continuous linear functionals Z C) and by Z the complex-conjugate Banach space. That is, the real 
Banach spaces underlying Z and Z coincide, and for any z in the corresponding real Banach space and 
A e C we have A • 2: (in Z) = A • z (in Z). □ 

Remark 3.3. For later use we now record the following fact: Assume that X and y are two Banach 
spaces over C, and let (• | •) : A" x 3^ ^ C be a sesquilinear strong duality pairing. Now let 7i be a 
Hilbert space over C and let T: 7i — + A" be a continuous linear operator. Then there exists a unique 
linear operator S : y Ti such that 

(3.1) {yhen,yey) {Th\y)^{h\Sy)n. 

Conversely, for every bounded linear operator S: y ^ Ti. there exists a unique bounded linear operator 
T-.n^X satisfying and we denote S'* :^ T and T^* S. □ 

Remark 3.4. In Definition 13.11 if z^* — z and (^ | S)z,z > for all z e Z and ^ e D^, then wc shall 
speak simply about Hermitian structures and bundles, since this is just the usual notion of Hcrmitian 
structure on a vector bundle. See for instance Definition 1.1 in Chapter III of |We80| for the classical 
case of finite-dimensional Hermitian vector bundles. □ 

Example 3.5. Let H: D — > Z be a smooth vector bundle whose fibers are complex Banach spaces. 
Assume that there exist a complex Hilbert space H and a smooth map Q: D ^ Ti with the property that 
Q\d^'- Dz ^ 7i is a bounded linear operator for all 2; € Z. Then Q determines a family of continuous 
sesquilinear functionals 

(• I •).,.- : X D,-, ^ C, (771 I 772).,.- = (6(771) I Q{m))H. 

If in addition Q\d^'- — > 7i is injective and has closed range, and the scalar product of Ti determines a 
sesquilinear strong duality pairing between the subspaces Q{Dz) and 0(1^2-*) whenever 2; G Z, then it 
is easy to see that we get a like-Hermitian structure on the vector bundle H. □ 

Definition 3.6. An involutive Banach-Lie group is a (real or complex) Banach-Lie group G equipped 
with a diffeomorphism w 1— > u* satisfying (uv)* = v*u* and {u*)* = u for all u,v € G. In this case we 
denote 

(VmgG) u-*:={u-^y 

and 

G+ := {u*u I li e G} 

and the elements of G^ are called the positive elements of G. 

If in addition iJ is a Banach-Lie subgroup of G, then we say that H is an involutive Banach-Lie 
subgroup if u* Cz H whenever u (z H. □ 

Remark 3.7. If G is an involutive Banach-Lie group then for every m € G we have (w~^)* — (u*)^^ and 
moreover 1* = 1. To see this, just note that the mapping u ^—> (u*)~^ is an automorphism of G, hence 
it commutes with the inversion mapping and leaves 1 fixed. □ 



HOLOMORPHIC GEOMETRIC MODELS FOR REPRESENTATIONS OF C*-ALGEBRAS 



13 



Example 3.8. Every Banach-Lic group G has a trivial structure of involutivc Banach-Lie group defined 
by u* u^^ for all u E G. In this case the set of positive elements is G+ = {1}. □ 

Example 3.9. Let yl be a unital C*-algebra with the group of invertible elements denoted by G^. Then 
has a natural structure of involutive complex Banach-Lie group defined by the involution of A. If 
B is any C*-subalgebra of A such that there exists a conditional expectation E: A B, then Gs is an 
involutive complex Banach-Lie subgroup of Ga- O 

Definition 3.10. Assume that we have the following data: 

• Ga is an involutive real (respectively, complex) Banach-Lie group and Gb is an involutive real 
(respectively, complex) Banach-Lie subgroup of Ga ■ 

• For X — A or X — B, assume Hx is a complex Hilbert space with Hb closed subspace in Ha, 
and TTx '■ Gx B{Ti.x) is a uniformly continuous (respectively, holomorphic) ^-representation 
such that T^Biu) — 7r^(u)|>^g for all u G Gb- By ^-representation we mean that 7r^(u*) = tta{u)* 
for all u e Ga- 

• We denote by P : Ha ^ Hb the orthogonal projection. 
We define an equivalence relation on Ga x Tis by 

{u, /) ~ (u', /') whenever there exists w e Gb such that u' = uw and /' — b{w^^) f - 

For every pair (m, /) € Ga x Hb we define its equivalence class by [(u, /)] and let D = Ga ^Gb 
denote the corresponding set of equivalence classes. Then there exists a natural onto map 

n: [(m, /)] ^s:=u Gb, D ^ Ga/Gb- 

For s £ Ga/Gb, let Ds := n^^(s) denote the fiber on s. Note that (w, /) ^ {u',f') implies that 
TrA{u)f — 7r^(u')/' so that the correspondence [(it,/)] '-^ 7r^(u)/, Ds 7r^(w)7is, gives rise to a 
complex linear structure on Dg. Moreover, 

muJMD. :^\\nAiu)f\\n. 

where [(m, /)] G Ds, defines on Dg a Hilbertian norm. 

Clearly, this structure does not depend on the choice of u. Nevertheless, note that the natural bijection 
from Hb onto the fiber n^^(s) defined by 

is a topological isomorphism but it need not be an isometry. In other words, the fiberwise maps 

e.e^i : [(u, f)]^f^ [(«, /)], Ds^Hb^ a, 

where s — uGb, t — vGb and / G Hb, are topological isomorphisms but they are not unitary transfor- 
mations in general. As a complex Hilbert space, Dg has so many realizations of the topological dual or 
predual. We next consider the following ones. For ^ = [{u, /)], rj = [(u, g)] in D, and s = uGb, t — vGb, 
we set as in Example 13.51 

{^\v)n^i^\v)s, ■■= {^A{u)f\^A{v)g)^^- 
where (• | 'j^^ is the inner product which defines the complex Hilbert structure on Ha and, by restriction, 
on Hb- This is a well-defined, non-negative sesquilinear form on D. In particular (• I t ~ (' I ')t s' 
are mainly interested in forms (• | ^ with t = s^* £ Ga/Gb- In this case 

(3.2) ([(u,/)] I [{u-\g)])^^^_, = {-KAiu)! I i,A{u-*)9)n, = a{u-')^ a{u) f \ g)^^ = (/ | g)^^, 

whenever [(w, /)] G Ds and [(m^*,!?)] G Dg-,. Thus Example 13.51 shows that the basic mapping 

6: [{uJ)]^nA{u)f, D^Ha, 

gives rise to a like-Hermitian structure on the vector bundle H. 

We shall say that H: Z? — > Ga/Gb is the (holomorphic) homogeneous like-Hermitian vector bundle 
associated with the data ['ka,t^b, P)- D 
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Remark 3.11. Let us see that Definition l3.10l is correct, that is, condition (a) of Defimtion lS.ll is satisfied. 
In fact, let u £ Ga arbitrary, denote z — uGb G Ga/Gb, and let (/? be any bounded linear functional 
on D^-,. Then the mapping (p: g ^-^ [(m"*,^)] h^- g)]), "He D^-* — > C, is antilinear and 

bounded. By the Riesz' theorem there exists f G Tis such that 

^{[{u-*,g)]) = ^{g) = (/ I g)^^ ^ {[(uj)] \ [(^-*, 5)]),,,-. 

and so (• | is a sesquilinear strong duality pairing between Dz and D^-*- □ 

In order to get a better understanding of the structures introduced in Definition I3.10[ we shall need 
the following notion. 

Definition 3.12. Assume that we have the following objects: a complex involutive Banach-Lie group G, 
a complex Banach manifold Z equipped with an involutive diffeomorphism z ^ z~* , and a holomorphic 
like-Hcrmitian vector bundle 11 : D ^ such that lio a — (io (idc x 11), where a and (3 are holomorphic 
actions of G on D and Z and for all u £ G and z £ Z the mapping a(u, ■)\d, ■ Dz — > Dp^^i^ z) is a bounded 
linear operator. In addition we assume that /3(u~*, z^*) = I3{u, z)~* whenever u d G and z d Z and we 
let TT : G ^ B{H) be a holomorphic ^-representation. 

We say that a holomorphic mapping Q: D ^ Ti relates 11 to tt if it has the following properties: 

(i) for each z € Z the mapping Qz '■— ©lu^ '■ Dz — > 7i is an injective bounded linear operator and in 
addition we have | rfjz^z--' = I ^{v))h whenever ^ e Dz and 77 S Dz-*; 

(ii) for every u £ G and z £ Z we have Qi3(u,z) ° a{u, ■)\d^ — t^{u) o Qz - Dz H. 

□ 

Now we turn to a result (Theorem I3.13P which points out that the basic mapping O introduced in 
Definition 13.101 indeed plays a central role in the whole picture. In this statement we denote by iQ(-) the 
pull-back of a bundle by the mapping jg; see for instance |Ln01] for some details. 

Theorem 3.13. In the setting of Definition 13.121 let zq G Z such that Zq* — zq, and assume that the 
isotropy group Gq :— {u G G \ f3(u, zq) = zq} is a Banach-Lie subgroup of G. In addition assume that 
the orbit of zq, that is, Oz„ = {P{u, zq) \ u G G}, is a submanifold of Z , and denote by iq : Ozq ^ Z 
the corresponding embedding map. Then there exists a closed subspace Tip of Ti. such that the following 
assertions hold: 

(i) For every u £ Gq we have Tr{u)Ho C Tip. 

(ii) Denote by ttq: m i— > 7r(u)|>^Q, Gq B{T-lo), the corresponding representation of Gq on Ho, by 
Ho : Do ~^ G/Gq the like-Hermitian vector bundle associated with the data (tt, ttq, Pt^q), and 
by 00 : Dq TL the basic mapping associated with the data (tt, tto, P-h,,). Then there exists 
a biholmorphic bijective G-equivariant map 0: Dq — > iQ^D) such that sets up an isometric 
isomorphism of like-Hermitian vector bundles over G/Gq ~ Ozo and the diagram 

Do — ^ i*o{D) 

n ) n 

is commutative. 
Proof. For ?7, ^ G Dzq we have 

(0.7(0.oC) I V)z„.zo = {Qzoi I QzoV)n - (e I V)z„,zo, 

where the first equality is derived from Remark l3.3l and the second one is the hypothesis of Definition 13. 121 
(i), since zo — Zq*. As (• | ■)zo,zo is a strong duality pairing we have B^„*(B2n^) — ^. This implies that 
Ran (Qzo) is closed in H since 9~* is bounded. Put TCo ■= Ran (Qzo)- 
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For arbitrary u G Go we have /3(m, zq) = zo- Then property (ii) in Definition 13.121 shows that we have 
a commutative diagram 



n n 



whence iT{u){Qzo{Dza)) £ ©20(^^0)' that is, tt{u)Ho C Tio- Thus Ho has the desired property (i). 

To prove (ii) we first note that, since Go is a Banach-Lie subgroup oi Z, it follows that the G-orbit 
Ozg ~ G/Go has a natural structure of Banach homogeneous space of G (in the sense of [Ra77| ) such 
that the inclusion map io : O^,, ^ Z is an embedding. 

Next define 

(3.3) e-.GxHo-^D, e{uj) a(u,e;„i(/)) = Q-^l^^^^iAu)!) e i^;3(„,,„) C D, 

where the equality follows by property (ii) in Definition 13.121 Then for all u G G, Uq ^ Gq, and / G Hq 
we have (3{uuq^, zq) = (3{u, zq) and 

e{uu^\TT{uo)f) = 0^(t„-,,„)('^(""o')^K)/) = 0^K.„)('r(u)/) = 9{uJ). 

In particular there exists a well defined map 

9: [{uj)] ^ e-l^^^^{n{u)f), Gxg^Ho^D. 

This mapping is G-equivariant with respect to the actions of G on G 7i and on D since 9 is G- 
equivariant: for all u, w e G and / G Tio we have 

9{uv,f) = e-i„„ ,^)(^(««)/) = e-i„^^(,^^^))(^(«)^(«)/) = «(«,e-i,^^^)(^(«)/)) = a{u,9{vj)), 

where the second equality follows since (3: G y. Z Z is a group action, while the third equality is a 
consequence of property (ii) in Definition 13.121 Besides, it is clear that is a bijection onto io{D) and a 
fiberwise isomorphism. Also it is clear from the above construction of 9 and from the definition of the 
basic mapping Qq: Dq ^ H associated with the data (tt, tto, P-^o) (see Definition 13. lOp that Q o 9 = Qq, 
that is, the diagram in the statement is indeed commutative. In addition, since both mappings & and 
00 are fiberwise "isometric" (see property (i) in Definition 13.121 above and Definition I3.10p , it follows by 
Q o 9 = Qq that 9 gives us an isometric morphism of like-Hermitian bundles over G/Gq ~ Ozq- 

Now we still have to prove that the map 6: Dq = G Xgq Hq «o(-D) C D is biholomorphic. We first 
show that it is holomorphic. Since Ozq is a submanifold of Z, it follows that ioiD) is a submanifold of D 
(see for instance the comments after Proposition 1.4 in Chapter III of [LnOlj ). 

Thus it will be enough to show that 9: G x Gq "Hq D is holomorphic. And this property is equivalent 
(by Corollary 8.3(ii) in [Up85| ) to the fact that the mapping 9: G x Ho ^ D is holomorphic, since the 
natural projection G x Ho Gxq^ Ho is a holomorphic submersion. Now the fact that 9: Gx Ho ^ -D is 
a holomorphic map follows by the first formula in its definition (|3.3p , since the group action a: Gx D ^ D 
is holomorphic. 

Consequently the mapping 6: G xco Ho *o(^) holomorphic. Then the fact that the inverse 
: io{D) ^ G xgo 'Ho is also holomorphic follows by general arguments in view of the following facts 
(the first and the second of them have been already established, and the third one is well-known): Both 
G XG(j Ho and io{D) are locally trivial holomorphic vector bundles; we have a commutative diagram 

Gxgo^o — ^ ^*o[D) 



G/Go > Oz, 

where the bottom arrow is the biholomorphic map G/Go — C>za induced by the action /3 : Gx Z ^ Z, and 
the vertical arrows are the projections of the corresponding holomorphic like-Hermitian vector bundles; 
the inversion mapping is holomorphic on the open set of invertible operators on a complex Hilbert space. 



16 



DANIEL BELTITA AND JOSE E. GALE 



The proof is completed. □ 

Remark 3.14. The significance of Theorem 13. 131 is the foUowing one: In the setting of Definition 13. 121 
the special situation of Definition 13.101 is met precisely when the action (3: G x Z ^ Z is transitive, 
and in this case the basic mapping is essentially the unique mapping that relates the bundle 11 to the 
representation of the bigger group G. 

On the other hand, by considering direct products of homogeneous Hcrmitian vector bundles, we can 
construct obvious examples of other maps relating bundles to representations as in Definition 13.121 □ 

4. Reproducing (— >i=)-kernels 

Definition 4.1. Let II: D Z he n like-Hermitian bundle, with involution — * in Z. A reproducing 
{—*)-kernel on 11 is a section 

K eT{Z X Z,Hom(p;n,p^n)) 
(whence K{s,t): Dt Dg for all s.t G Z) which is (— *)-positive definite in the following sense: For 
every n > 1 and tj e Z, r/^* e -D*-- (j = 1, . . . , n), 

n n 
3,1 = 1 ' = l 

Here pi,p2: Z x Z —* Z are the natural projection mappings. If in addition IT: D ^ Z \i, a, holomorphic 
like-Hermitian vector bundle and K{-,t)ri € 0{Z,D) for all rj G Dt and t G Z, then we say that K is a. 
holomorphic reproducing (— *)-kcrnel. □ 

Remark 4.2. In Definition 14.11 the symbol r/~* is just a way to refer to elements of D^-., that is, ri~* 
is not associated to any element rjj of Df. necessarily. From the definition we have that K{s, s^*) > in 
the sense that {K{s, 5"*)^"* | ^ > for aU £_-* £ D,-.. □ 

The following results are related to the extension of Theorem 4.2 in [BR07j to reproducing kernels on 
like-Hermitian vector bundles. 

Proposition 4.3. Let II: D ^ Z be a smooth like-Hermitian vector bundle and, as usually, denote by 
pi,P2: Z X Z ^ Z the projections. Next consider a section K G I{Z x Z, Hom (p2H,p^H)) and for all 
s £ Z and ^ £ Dg denote — K{-, s)^ £ I{Z, D). Also denote 

H^' := spanc{i^e U e I?} C I{Z, D). 

Then K is a reproducing {~*)-kernel on H ij and only if there exists a complex Hilbert space Ti. such that 
Ti^ is a dense linear subspace of Ti, and 

(4.1) {K,\K^)n = {Kis-*,t)rj\Os-'.s 

whenever s,t £ Z , ^ £ Ds, and rj £ Dt- 

Proof. First assume that there exists a Hilbert space as in the statement. Then for all n > 1 and tj £ Z, 
r]j £ D,-. (j = 1, . . . , n), it follows by (|4T|l that 

j 

n n n n 

E (Kitutrn I m)t,,r - E (^n, I Kv.)n = (E^.. I T^^n^ > 0- 

j,l=l 3,1 = 1 3 = 1 1=1 

In addition, for arbitrary s,t £ Z £^ £ and rj £ Dt, we have 



(ry I K{t-\s)Ot,t-, = {K{t-*,s)^ \ , = {K^ \ K^)^ - (X, | K^)n = {K{s-* ,t)rj \ Os^^.s, 

where the second equality and the fourth one follow by (|4.ip . 

Conversely, let us assume that iC is a reproducing (— *)-kernel. We are going to define a positive 
Hermitian sesquilinear form on "Hq by 

n 

(4.2) (e|A)«= 

3,1=1 
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for 8, A e Hq of the form O = ^ Kjjj and A = ^ K^^, where rjj e Dt-, £,i G Dg^, and tj,si G Z 

3=1 ' 1=1 

for j,l = l,...,n. The assumption that K is a reproducing (— *)-kernel imphes at once that for all 
Q,A en^ we have (9 | e)n > and (9 | A)^ = (A | 9)-^. To see that (• | •)« is well defined, note 
that it is clearly sesquilinear and (|4.2p implies 

n 

(4.3) iAW)n - (e I A)n - E(©(^r*) I 6).-*,.,, 

1=1 

hence (A | 9)-h = (9 | A)->^ = if it happens that 9 = 0. This implies that (• | ■)■}{ is well defined, and 
the above remarks show that this is a nonnegative Hermitian sesquilinear form on T-Cq . 

To check that (• | ■)n is also non-degenerate, let 9 G Hq such that (9 | 9)^ = 0. Since (• | 
is a nonnegative Hermitian sesquilinear form, it follows that it satisfies the Cauchy-Schwarz inequality, 
hence for all A G we have |(9 | A)n\ < (9 | 9)^/^(A | A)]{^ = 0, whence (9 | A)^ = 0. It 
follows by this property along with the formula (|4.3p that for arbitrary s d Z and ^ G -Ds-* we have 
(9(s) I Os.s-* = (9 I K^)-H = 0. Since {(• | ■)z,z-'}z£Z is a like-Hermitian structure, it then follows 
that 9(s) — for all s G Z, hence 9 = 0. Consequently (• | •)-h is a scalar product on Ti^ , and then 
the completion of Hq with respect to this scalar product is a complex Hilbert space with the asserted 
properties. □ 

Definition 4.4. Let H: D ^ Z be a smooth like-Hermitian vector bundle, pi,p2'- Z x Z ^ Z the 
projections, and let K G r{Z x Z, Horn (pjH, J5*H)) be a reproducing (— *)-kernel. As above, for all s G Z 
and ^ G Dg, put = K{-, s)^ G r(Z, D). It is clear that the Hilbert space H given by Proposition [121 is 
uniquely determined. We shall denote it by H^ and we shall call it the reproducing {—*)-kernel Hilbert 
space associated with K. 

In the same framework we also define the mapping 

(4.4) k:D^H^, K{C) = K^. 

It follows by Lemma l475l below that for every s G Z there exists a bounded linear operator Os : H^ Ds-' 
such that 

(4.5) (Ve G Ds, h G W^') (i?(C) I = (C I 9sh),^,-, . 

Note that the operator is uniquely determined since {(• | ■)z.z-'}zez is a like-Hermitian structure, and 
in the notation of Remark 13.31 we have 



(4.6) {es)-* = K\ 



D 



□ 



Lemma 4.5. Assume the setting of Definition 14.41 Then for every s ^ Z the operator K\d^ ■ Dg — > H^ 
is bounded, linear and adjointable, in the sense that there exists a bounded linear operator 9s : H^ Dg-* 
such that (j4.5p is satisfied. 

Proof. Since at every point of Z we have a sesquilinear strong duality pairing, it will be enough to show 
that for arbitrary s G Z the linear operator K\£)_^ : Dg ^ H^ is continuous. (See Remark [3.3n To this end, 
let us denote by || • any norm that defines the topology of the fiber Dg. Then for every £^ G Dg we have 

ll^(e)l|-H- = llA^dk- = {K^ I K^)nl ^ iK{s-*,s)^ \ O'^',, < M^^UWd^, where Mg > denotes 
the norm of the continuous sesquilinear functional Dg x Dg C defined by (^, 77) i— > {K{s^*, s)^ \ J/)^-* s- 
So the operator K\d^ ■ Dg H^ is indeed bounded and ||-ftr|Ds || < m}^^ . □ 

Example 4.6. Every reproducing kernel on a Hermitian vector bundle (see e.g.. Section 4 in |BR07| ) 
provides an illustration for Definition 14.41 In fact, this follows since every Hermitian vector bundle is 
like-Hermitian. □ 
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Proposition 4.7. Let H: D —t Z he a like-Hermitian bundle, and denote by pi,p2'- Z y, Z —* Z the 
natural projections. Then for every reproducing [~*)-kernel K G T{Z x Z, Horn (p2n,p^n)) there exists 
a unique linear mapping l: Ti^ r(Z, D) with the following properties: 

(a) The restriction of l to the dense subspace TLq is the identity mapping. 

(b) The mapping l is injective. 

(c) The evaluation operator ev^ : h k-s- (s), Ti.^ Dg, is continuous linear for arbitrary s G Z, 
and we have 

{ys,teZ) K{s,t-*)=ev',o{ev'^)-*. 



Definition 4.8. In the setting of Proposition l4.7l we shall say that l is the realization operator associated 
with the reproducing (— *)-kernel K. □ 

Proof of Proposition p77[ The uniqueness of t is clear. To prove the existence of t, note that for every 
s G Z there exists a bounded linear operator 9s : Ti^ Dg^- such that 

(4.7) (V^ e e 7^^) {K^ I h)nK = (C | ^./i).,^- 
(see Lemma [4. 5p . We shall define the wished- for mapping l by 

(4.8) i-.n'^ ^T{z,D), {i,{h)){s) -.^es-h 

whenever h G Ti^ and s G Z. In particular we have 

(4.9) (V,seZ) ev^ = 0,-., 

and in addition equation (|4.6p holds. 

It is also clear that the mapping t defined by (|4.8|) is linear. To prove that it is injective, let h G Ti^ 
with i{h) = 0. Then (t(/i))(s-*) = for aU s e Z, so that O^h = for aU s G Z, according to (gH). 
Now (j4?71l shows that (i^^ | h)-HK = for aU £, G whence h _L in 7i'^ . Since is a dense 
subspace of 7i^, it then follows that /i = 0. 

We shall check that the restriction of t to H.^ is the identity mapping. To this end it will be enough 
to see that for all t G Z and rj G Dt we have '-(-R'jj) ~ K^i. In fact, at any point s G Z we have 
{L{Kr,))is) Os-iKr,) by gJl). Hence for aU ^ G Ds-* we get 

I {i{K,))is))s-,^s = (e I ^?.-.(if,)).-.,. (i^c I K,U.- ^ {K{t-*,s-*)i I ry),-.., 

= (e|if(s,i)ry),-.,, = (e|i^r,(s)),-^,. 

Since ^ € Ds-* is arbitrary and {(• | ■)z,z-'}zgz is a like-Hermitian structure, it then follows that 
(t(i4r^))(s) = Kj^{s) for all s G Z, whence i{Kjj) = K^, as desired. 

Next we shall prove that l has the asserted property (c). To this end, let s,t G Z , rj G Df-,, and 
^ G Dg-» arbitrary. Then 

((ev^ o (ev9-*)r; | Os,s-' ^ {{Os- o {e,-.)-*)v I C).,.-* ^ m-riv I K^U- ^ {K, \ K^)n- 

^ {K{s,t-*)^\Os,s-^- 

Since rj G Df-* and ^ G D^-* are arbitrary and {(• | ■)z,z--'}zez is a like-Hermitian structure, it follows 
that eVg o (evj)^* — K{s,t^*) for arbitrary s,t G Z, as desired. □ 

We now extend to our framework some basic properties of the classical reproducing kernels (see for 
instance the first chapter of [NeOO]). 

Proposition 4.9. Assume that II: D Z is a like-Hermitian vector bundle, and K is a continuous re- 
producing {—*)-kernel on H with the realization operator l: Ti^ r(Z, D). Then the following assertions 
hold: 

(a) We have Rant C C{Z, D) and the mapping l is continuous with respect to the topology ofC{Z, D) 
defined by the uniform convergence on the compact subsets of Z . 

(b) If n is a holomorphic bundle and K is a holomorphic reproducing {—*)-kernel then we have 
Rant C 0{Z,D). 
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Proof. The proof has two stages. 

1° At this stage we prove that every s E Z has an open neighborhood Vs such that for every sequence 
{hn}nefi in convergent to some h e 7Y^^ we have hni(t(/i„)) (z) ~ uniformly for z G Vg. 

nGN 

In fact, since the vector bundle 11 is locally trivial, there exists an open neighborhood F of s such that 11 
is trivial over bothy and!/-* := {z"* \zeV}. Let *o : Vx£ ^Il-'^{V) and^-i: V-* x£ ^ Il-\V-*) 
be trivializations of the vector bundle 11 over V and V~* respectively, where the Banach space £ is the 
typical fiber of 11. In particular, these trivializations allow us to endow each fiber Dz with a norm 
(constructed out of the norm of £) for z G V U V~*. On the other hand, property (c) in Definition 13.11 
shows that the function 

B: iz,x,y) >-> (*o(^,a;) I y)).,.- , Vx£x£^C 

is smooth. Then by property (c) in Definition 13.11 we get a well-defined mapping 

B: V ^ lso{£, '£*), B(z)x :== B{z, x, •) for z e V" and x e £, 

and it is straightforward to prove that B is continuous since B is so. Here Iso(f,£ ) stands for the 
set of all topological isomorphisms £ ^ £ , which is an open subset of the complex Banach space 
B{£,£ ). Then by shrinking the open neighborhood y of s we may assume that there exists AI > 
such that max{||B(2;)|j , |jB(z)^^||} < M whenever z G V. In particular, for such z and x E £ we have 
||a;|| < M||i3(z)a;||, and then the definition of the norm of B{z)x G £ implies the following fact: 

(Vz e V)iyx e £){3y e £, \\y\\ = 1) < M|S(z, x, 

In view of the fact that the norms of the fibers Dz and Dz-- are defined such that the operators 
^o{z, ■): £ ^ Dz and ^1(2:"*, ■): £ ^ Dz-* are isometries whenever z G V, it then follows that 

(4.10) (Vz e F)(Vr; e Dz^ & Dz-., UW = 1) \\v\\ < Af|(^ | v)z-.J. 

On the other hand, it follows by that || {i{h)){z)\\D^ = \\0z-Ah)\\D^ for arbitrary z €V and h e Ti^ . 
Then by (|iTUl) there exists £, e Dz— such that = 1 and 

\\Uh))iz)\\D^ < M|(e I ez-.ih))z-.,z\^M\iK^ I hM < M\\K^\\n'<\\h\\Hi<. 

On the other hand, since K: Z x Z ^ Hom (pjIIj^JII) is continuous, it follows that after shrinking again 
the neighborhood of s we may suppose that m := supAf^ < 00, where Mz denotes the norm of the 

bounded sesquilinear functional Dz x Dz —> C defined by (?7i,?y2) {^{z"* , z)r]i \ 772)z-»,z whenever 
z G V. Then the computation from the proof of Lemma [4.51 shows that < m.^^^H'f ||_d^ = m^^'^. 

It then follows by the above inequalities that we end up with an open neighborhood F of s with the 
following property: 

(Vfte7^^)(VzeF) \\{i{h)){z)\\n^<m^/Hm\H'<, 

which clearly implies the claim from the beginning of the present stage of the proof. 

2° At this stage we come back to the proof of the assertions (a)-(b). Assertion (a) follows by what 
we proved at stage 1° by means of a straightforward compactness reasoning and by what we proved at 
stage 1°, since G C{Z, D) whenever £, G D and spandiiT^ | ^ G D} = Hq . Finally, assertion (b) follows 
by the assertion (a) in a similar manner, since 0{Z,D) is a closed subspace oiC{Z,D) with respect to 
the topology of uniform convergence on the compact subsets of Z (see Corollary 1.14 in [Up85| ) . □ 

Remark 4.10. It follows by Proposition 14.91 fa) that every reproducing (— *)-kernel Hilbert space 
is a Hilbert subspace of C{Z,D) in the sense of jSc64| . Thus the theory of reproducing (— *)-kernels 
developed in the present section provides a new class of examples of reproducing kernels in the sense of 
Laurent Schwartz. □ 
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5. Homogeneous Like-Hermitian vector bundles and kernels 

We develop here some spects of the theory of kernels introduced in the previous section, when the 
manifold Z is assumed to be a homogeneous manifold arising from the (smooth) action of a Banach- 
Lie group, as in Definition 13.101 Specifically, we shall construct realizations of ^-representations, of 
Banach-Lie groups, on spaces of analytic sections in like-Hcrmitian vector bundles. A critical role in this 
connection will be played by the following class of examples of reproducing (— *)-kernels (compare the 
special case discussed in Example 12. 16|) . 

Example 5.1. Assume the setting of Dcfinition l3.10l Let Ga be an involutive real (respectively, complex) 
Banach-Lie group and Gs an involutive real (respectively, complex) Banach-Lie subgroup of Ga- For 
X = j4 or AT = _B, let Tix be a complex Hilbert space with I-Lb closed subspace in 1-Ia and P: Ha 
Ti.B the corresponding orthogonal projection, and let nx- Gx B{T-Lx) be a uniformly continuous 
(respectively, holoniorphic) ^-representations such that nsiu) = t:a{u)\hb ^r all u € Gb- In addition, 
denote by E: _D — Ga ^Gb'^b Ga/Gb the homogeneous like-Hermitian vector bundle associated 
with the data (7r^,7rB,P), and let pi,p2'- Ga/Gb x Ga/Gb Ga/Gb be the natural projections. Set 

K[s,t)7^ ^ [{u,P{nA{u-^)nA{v)m 

for s,t G Ga/Gb, s = uGb, t = vGb, and rj — [{v, /)] G Dt C D. Then K is a reproducing {—*)-kernel, 
for which the corresponding reproducing {^*)-kernel Hilbert space Ti,^ C C°°{Ga/Gb,D) (respectively 
C 0{Ga/Gb, D)) consists of sections of the form :— [( • ,P(7r^( • )^^h))], h G span^;;^ {n a {Ga)'Hb) 
in Ha- 

To see this, let Sj — ujGb G Ga/Gb and — [(^7*' fj)] ^ ^s^' J — ■ ■ ■ i ^- We have 

n n n 

{K{si,s-*)^, I 6).,.-* = E {P{^A{uY')nA{uJ*)f,) I fOnn - E {^A{u;')nA{uJ*}f3 I fiU. 

3,1=1 ].l=l ].l=l 

n n 

^CE^A{uj*)f,\j2nA{ur)f^ >o. 

\=i 1=1 

On the other hand, by the above calculation we get 

{K{si,sJ*)^j I Ci)^,,^-- = iT^AiuJ*)fj I nAiu-*)fi)nA = {'^A{ui*)fi \ T^A{u~*)fj)^^ 

= (X(s„sr*)6 U,),^,,-. = (0 I K{s,,sl*)^i)^-.^^^. 

Thus AT is a reproducing (— *)-kernel. Again by the above calculation it follows that 

(5.1) {K^^ I K^,)nK = {K{si,sJ*)^, \ 6),,,.- = (^^(^7*)/, | ^^(ur*)/;)^.- 

Now, by Proposition [491 'H^'^ C C{Ga/Gb,D). Let F be a section in Ti.^ . By definition F is a limit, 
in the norm of Ti^ , of a sequence of sections of the form X]j=T^-^?"' where ^™ — [(w™,/™)] G D, 
j = 1, . . . , n{m), TO = 1, 2, . . . Bv lS.H J2^=i ^ '''^(w™)/™ is a Cauchy sequence in Ha, so that there exists 
h := lim^^oo E"iT^ TrA{vJ')f^ in Ha- Now, by the proof of Proposition SH convergence in H^ implies 
(locally uniform) convergence in C{Ga/Gb, D) whence, for every s = uGb in Ga/Gb, we get 

n(m) n(?n) 

3=1 3=1 

n{m) 

= hm [(u,P(7r^(«)-i E ^AivJ^)fr))] 

3=1 

in Ds- On the other hand, since the norm in Ds is the copy of the norm in Ha, through the action of the 
basic mapping $ associated with data (tt^i, tt^, P) (see Example 13.51 and the bottom of Definition l3.10p . 
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we also have Mm^^aoiiu, P{T^Aiu)^^ J2]=i^ ''^AivJ^)fj^))] ~ P(7r^(u)^"^/i))]. Thus we have shown 
that F ^ Fh- Also, for arbitrary h G Ha, 

Fh = ^ (Vu e Ga) P{TTA{u'^)h) = (Vu e Ga) TrAiu'^)h ±Hb=0- 

Since tta is a ^-representation, it then follows that F^ = if and only if ft, _L span£(7r^(G'A)Hs). Hence 
HA/([spanc(^A(GA)HB)]^) ^n"" ^{Fh\h€ spanc(^A(GA)7^B)}. 

Finally, note that C C°°{Ga/Gb: D) indeed, by definition of Fh {h e H-a)- In the case where Ga 
and Gb are complex Banach-Lie groups then C 0(Ga/Gb, F>), by the definition of Fh as well. 

Clearly, the mapping Fh i-^ h, span^ (7r^(G^)7is)} C Ha is an isometry, which we denote by 

W, such that W{Kj^) = 7r^(w)/ for -q = [(«,/)] G D. In addition, if spaHc7r^(G^)H_B = Ha then the 
operator is unitary. Recall the mapping K : D ^ H^ given by K{£,) — if ^ E D, as in (|4.4p . 
Clearly o = O, where is the basic mapping for the data (tt^, tt^, P) (see Definition 13. lOp . □ 

The following result is an extension of Theorem 5.4 in [BR07j and provides geometric realizations for 
^-representations of involutive Banach-Lie groups. 

Theorem 5.2. In the preceding setting, the following assertions hold: 

(a) The linear operator 

7: Ha^H"" C C°^{Ga/Gb,D), {j{h)){uGB) - [{u,P{7rA{u-^)h))], 

satisfies Ker7 — (span(.(7r^(GB)7iB))^ and the operator t := 7 o is the canonical inclusion 
JiK ^ C°^{Ga/Gb,D). Moreover, joQ^ K. 

(b) For every point t £ Ga/Gb the evaluation map evj = H^"^ Dt is a continuous linear 
operator such that 

{ys,te Ga/Gb) K{s,t-*) = ev^, o (evj)"*. 

(c) The mapping ^ is a realization operator in the sense that it is an intertwiner between the *- 
representation tta '■ Ga B(Ha) cind the natural representation of Ga on the space of cross 
sections C°° {Ga/Gb, D). 

Proof, (a) This part is just a reformulation of what has been shown prior to the statement of the theorem. 
The equality 7 o B = if is obvious. 

(b) Let t g Ga/Gb arbitrary and then pick u € Ga such that t — uGb- In particular, once the element 
u is chosen, we get a norm on the fiber Dt (see Definition l3.10p and then for every F = FhEH'^, where 
h G spaiif^Tr A {Ga)Hb, we have 

\\evliFh)\\D. = WiFhrnD. = mu,P{7:A{u)-'hmD, 

= \\7rA{u)P{7rAiu)-'h)\\n^ < ||7r^(u)|| • \\7rA{u~')\\ ■ \\h\\n^ = Gu\\Fh\\n'<, 

so that the evaluation map ev^ : Ha — *■ Dt is continuous. 

Let us keep s — uGb fixed for the moment. We first prove that 

(5.2) [k\DX* =cy'^-,:H'' ^ D,-, . 

To this end we check that condition (|4.5p in Definition 14.41 is satisfied with 6s = ev'' : H^ Dg-,. In 
fact, let ^ — [{u, /)] e Ds arbitrary. 

Then for all h e spanp(7r/i(Gyi)HB) we have 

(e I OsFh)s,s-' = {[(uj)] I [{u-*,Pi7rA{{u-*)-')hms,s-' 
= {nA{u)f I ^A{u-*)P{nA{{u-*)-^)h))n. 
= if I P{nA{u*)h))n. = (7rA{u)f \ h)n. 
= (14^(7 o e)(0 I W(^{h)))n. = ((7e)(0 I Fh)n'< 
= {K{0\Fh)H'< ^iKi\Fh)n'<- 
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Now let s,t E Ga/Gb arbitrary and u,v E Ga such that s — uGb and t = vGb- It follows by ()5.2p that 
(eV()^* = Kd^_, , hence for every 77 = [{v^* , /)] G Dt-, we have 

ev^o(ev9-*r; = ev^(if(r7)) = {l{K,)){s) - P(7r^(u-i)7r^(i;-*)/))] = /^(s, i"*)/;. 
(c) Let h e TYa and v e arbitrary. Then at every point t = uGb G Ga/Gb we have 
{j{TrA{v)h))it) = [iu,P{TTA{u-')TTA{v)h))] = [{u, P{nA{{v-\)-')h))] 

= V ■ [iv-\,P{TTAiiv-\)-^)h))] = V ■ {j{h)){v-h) 

and the proof ends. □ 

Part (c) of the above theorem tells us that it is possible to realize representations like tta ■ Ga B{'Ha) 
as natural actions on spaces of analytic sections. We next take advantage of these geometric realizations 
to point out some phenomena of holomorphic extension in bundle vectors and sections of them. Firstly, 
we record some auxiliary facts in the form of a lemma. 

Lemma 5.3. Let Ga be an involutive Banach-Lie group and Gb an involutive Banach-Lie subgroup of 
Ga, and denote by (3: {v,uGb) ^ vuGb, Ga x Ga/Gb ^ Ga/Gb, the corresponding transitive action. 
Also denote Ux = {w e Gx \ u * for X G {A, . Then the following assertions hold: 

(a) There exists a correctly defined involutive diffeomorphism 

z^z-\ Ga/Gb^Ga/Gb, 

defined by uGb ^ u^*Gb- This diffeomorphism has the property j3{v~* , z~*) — P{v, z)^* when- 
ever V e Ga and z € Ga/Gb- 

(b) The group Ux is a Banach-Lie subgroup ofGx for X G {A, _B} and Ub is a Banach-Lie subgroup 

ofUA. 

(c) If G~j^ — G\ CiGb, then the mapping 

A: uUb^ uGb, Ua/Ub ^ Ga/Gb, 

is a diffeomorphism of Ua/Ub onto the fixed-point submanifold of the involutive diffeomorphism 
of Ga/Gb introduced above in assertion (a). 

Proof. Assertion (a) follows since the mapping u i-^- u~* is an automorphism of G fRcmark 13. 7p . The 
proof of assertion (b) is straightforward. 

As regards (c), what we really have to prove is the equahty X{Ua/Ub) ~ {z E Ga/Gb \ z^* — z}. 
The inclusion C is obvious. Conversely, let z G Ga/Gb with z^* — z. Pick u G Ga arbitrary such 
that z = uGb- Since z~* = z, it follows that u^^u^* G Gb- On the other hand u^^u~* G G\, hence 
the hypothesis = G\ n Gb impHes that u^^u^* G G^. That is, there exists w G Gb such that 
u~^u~* — WW*. Hence uw = u^*{w*)~^, so that uw — {uw)~*. Consequently uw G Ua, and in addition 
z = uGb ~ uwGb — \{uwUb). n 

The next theorem gives a holomorphic extension of the Hermitian vector bundles and kernels introduced 
in [BR07] . 

Theorem 5.4. For X G {A, i?} , let Gx be a complex Banach-Lie group and Gb a Banach-Lie subgroup of 
Ga- As above, set Ux ~ {u E Gx \ u^* — u}- Let t^x ■ X B{T-Lx) be a holomorphic * -representation 
such that ttb{u) = ■ka{u)\hb fof all u G Gb- Denote by H: D Ga/Gb the like- Hermitian vector 
bundle, K the reproducing {—*)-kernel, and W: Ti,^ T-La the isometry and 7: TIa —> C°°{Ga/Gb,D) 
the realization operator associated with the data {'ka,t^b,P), where P: Ha Ti-B is the orthogonal 
projection. 

Also denote by li^ : Ua/Ub the like- Hermitian vector bundle, the reproducing {^*)-kernel, 

and : Ti^ — s- TCa the isometry and : Ha — > C°°{Ua/Ub, D) the operators associated with the 
data (ttaIua^'^bIub^P) 

Let assume in addition that G^ = G\ n Gb ■ Then the following assertions hold: 
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(a) The inclusion l :— •y o W : Ti,^ — > 0{Ga/Gb, D) is the realization operator associated with the 
reproducing {—*)-kernel K. Moreover, 7 intertwines the * -representation t:a- Ga B{TLa) and 
the natural representation oj Ga on the space of cross sections 0{Ga/Gb,D). 

(b) The like-Hermitian vector bundle : — > Ua/Ub is actually a Hermitian vector bundle. The 
mapping A: uUb ^ uGb, Ua/Ub ^ Ga/Gb, is a diffeomorphism of Ua/Ub onto a submanifold 
of Ga/Gb and we have 

(5.3) X{Ua/Ub) = {ze Ga/Gb \ z'* = z}. 

In addition, there exists an UA-equivariant real analytic embedding A: D such that the 

diagrams 

— ^ D D 

|n and j"{h)^ 'jfih) 

Ua/Ub Ga/Gb Ua/Ub Ga/Gb 

for arbitrary h S sj>aiiQ{TTA{GA)'HB) are commutative, the mapping A is a fiberwise isomorphism, 
and K{D^) = Ii-^{\{UA/UB)). 

(c) The inclusion iF := oW : Ti.^ C'^{Ua/Ub, D^) is the realization operator associated with the 
reproducing kernel , where [Ua/Ub, D^) is the subspace of C°" {Ua/Ub, D^) of real analytic 
sections. In addition, 7^ is an intertwiner between the unitary representation it a ■ Ua B{Ti,A) 
and the natural representation of Ua on the space of cross sections C'^{Ua/Ub,D^). 

Proof, (a) This follows by Theorem 15.21 applied to the data {'ka,''^b,P)- The fact that the range of the 
realization operator t consists only of holomorphic sections follows either by Proposition l4.9r c) or directly 
by the definition of 7 (see Theorem 15. 2f a')V 

(b) The fact that II'^ is a Hermitian vector bundle (Remark 13. 4p follows by (|3.2p . Moreover, the 
asserted properties of A follow by Lemma [53f c) as we are assuming that = Gb n G\. As regards the 
C/A-equivariant embedding A: — > D, it can be defined as the mapping that takes every equivalence 
class [{u, /)] £ into the equivalence class [{u, /)] e D. Then A clearly has the wished-for properties. 

(c) Use again Theorem l5.2l for the data {■ka\ua^'^b\ubtP)- It is clear from definitions (see also |BR07] ) 
that is a reproducing kernel indeed. The fact that the range of 7^^, or , consists of real analytic 
sections follows by the definition of 7^ (see Theorem I5.2r a) again). Alternatively, one can use assertions 
(a) and (b) above to see that for arbitrary h e TIa the mapping A o {h) o A~^: X{Ua/Ub) — > D 
is real analytic since it is a section of 11 over \{Ua/Ub) which extends to the holomorphic section 
y{h): Ga/Gb ^ D. □ 

Remark 5.5. Theorem l5. 41 (b) says that the image of A is precisely the restriction of 11 to the fixed-point 
set of the involution on the base Ga/Gb, and this restriction is a Hermitian vector bundle. This remark 
along with the alternate proof of assertion (c) show that there exists a close relationship between the 
setting of Theorem 15.41 and the circle of ideas related to complexifications of real analytic manifolds, and 
in particular complexifications of compact homogeneous spaces (see for instance |On60| . |IS66| . [Sz04] 
and the references therein for the case of finite-dimensional manifolds). Specifically, the manifold Ua/Ub 
can be identified with the fixed-point set of the antiholomorphic involution z i—^ z~* of Ga/Gb- Thus 
we can view Ga/Gb as a complexification of Ua/Ub- By means of this identification, we can say that 
for arbitrary h e TCa the real analytic section j^{h) : Ua/Ub can be holomorphically extended to 

the section -f{h) : Ga/Gb ^ D. □ 

The complex structure of Ga/Gb (with self-conjugate space Ua/Ub) can be suitably displayed in 
certain cases where Gx is the group of invertibles of a C*-algebra X — A ot B. 

Theorem 5.6. Assume that 1 G i? C A are two C* -algebras such that there exists a conditional expec- 
tation E: A B from A onto B. Denote the groups of invertible elements in A and B by Ga and Gb, 
respectively, and consider the quotient map q: a 1— > oGb, Ga — > Ga/Gb- 
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Let p := (KcT E) D ua, which is a real Banach space acted on by \Jb by means of the adjoint action 
{u,X) i—f uXu^^. Consider the corresponding quotient map k: {u,X) i-^ \Ja x p ^ Va 'XVb P> 

and define the mapping 'i'^ '■ iu,X) i— > uexp{iX), \Ja x p ^ G^i. Then there is a unique \J A-equivariant, 
real analytic diffeomorphism : U^i Xy^ p — s- Ga/Gb such that the diagram 

X p ^ Ga 

UaXubP > Ga/Gb 

is commutative. Thus the complex homogeneous space Ga/Gb has the structure of a \J A-eqwivariant 
real vector bundle over its real form \Ja/Vb, the corresponding projection being given by the composition 
(depending on the conditional expectation E) 

Ga/Gb ^*^'ua xu«P^Ua/Ub, 
where the typical fiber of the vector bundle S o {^^)^^ is the real Banach space p = (Ker£^) fl Ua- 

Proof. The uniqueness of '^^ follows since the mapping n is surjective. For the existence of ^f^, note 
that for all u € Ua, w G Us, and X G p we have 

q{'^Q {uv, v^^Xv)) — qiuv ■ eKj>{\v^^ Xv)) = q{uv ■ v^^ exp(iX)t;) = g(uexp(iX)w) 

= uexg{iX)vGB = wexp(iX)GB = (m, X)). 

This shows that the mapping 

(5.4) ^-^i [(M,X)]K^^iexp(iX)Gs, UaXu^P^ Ga/Gb, 

is well defined, and it is clearly UA-equivariant. Moreover, since k is a submersion and ^E"^ ok go vj/^) 
is a real analytic mapping, it follows by Corollary 8.4(i) in |Up85| that is real analytic. 
Now we prove that is bijective. To this end we need the following fact: 

(5.5) for all a G Ga there exist a unique (u, X, b) £ Ua x p x G^ such that a = u ■ exp(iX) • b 

(see Theorem 8 in |PR94] V It follows by and ([^ that the mapping 'J'-^ : Ua xy^ p Ga/Gb 

is surjective. To see that it is also injective, assume that Miexp(iXi)GB = W2 exp(iX2)GB, where 
{uj,Xj) £ Ua X p for j = 1,2. Then there exists bi £ Gb such that Miexp(iXi)6i = -^2 exp(iJC2). Let 
bi = vb be the polar decomposition of 6i £ Gb, where v £ Ub and b £ G^. Then 

Miexp(iXi)6i — ui exp{iXi)vb — uivexp{iv^^Xiv)b. 

Note that uiv £ Ua and v^^Xiv £ p since E{v^^Xiv) = v^^E{Xi)v — 0. Since uiexp(iXi)&i = 
M2exp(iX2), it then follows by the uniqueness assertion in (|5.5p that U2 — uiv and X2 = v^^X\v. Hence 
[(ui,Xi)] = [(u2,X2)], and thus the mapping 4'^: Ua xy^ p Ga/Gb is injective as well. 
Finally, we show that the inverse function 

(*^)-i : aGs - ?/exp(iX)GB ^ \{u,X)\ Ga/Gb ^ Ua xy^ p 

is also smooth. For this, note that u and X in (15. 5p depend on a in a real analytic fashion (see |PR94j ). 
Hence, the mapping a: a ^ [(u,X)], Ga ^ Ua P is smooth. Since a = (^f^)^^ o q and q is a 
submersion, it follows again from Corollary 8.4(i) in |Up85| that [^^^~^ is smooth. In conclusion, is 
a real analytic diffeomorphism (see page 268 in |Be06| ). as we wanted to show. □ 

Remark 5.7. From the observation in the second part of the above statement, it follows that the mapping 
S o (v[/^)~i can be thought of as an infinite-dimensional version of Mostow fibration; see [Mo55| . |Mo05| 
and Section 3 in [Bi04j for more details on the finite-dimensional setting. See also Theorem 1 in Section 3 
of |Ls78) for a related property of complexifications of compact symmetric spaces. 
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In fact the construction of the difFcomorphism in Theorem 15.61 relies on the representation (|5.5p . 
and so it depends on the decomposition of A obtained in terms of the expectation E, see |PR94] . It is 
interesting to see how depends exphcitly on E at the level of tangent maps: We have 

T(i,o)^: iZ,Y)^{{l-E)Z,Y), ua x p ^ r[(i,o)] (Ua Xu« p) ^ p x p, 

T^q: Z^ {1- E)Z, A KeiE, 
hence r[(i.o)](*^)((l - E)Z, Y) = {1 - E){Z + iY) = (1 - E)Z + lY whenever Z e ua and F e p. Thus 

T[(i,o)] iYi,Y2) ^Yi+iY2, p x p ^ Ker£;, 
which is an isomorphism of real Banach spaces since Ker_E = p + ip. □ 

Corollary 5.8. Let A and B two C* -algebras as in the preceding theorem. Then Ga/Gb — Va '^tJb P 
is a complexification o/Ua/Ub with respect to the anti-holomorphic involutive diffeomorphism 

uexp(iX)Gij ^^ wexp(-iX)Gij, Ga/Gb ^ Ga/Gb 

where u e U^, X £ p (alternatively, [{u,X)] i— > [[u, —X)]). 

Proof. First, note that = G^ fl G\. This is a direct consequence of the fact that the C*-algebras 
are closed under taking square roots of positive elements. So Theorem 15.61 applies to get Va/Vb as the 
set of fixed points of the mapping oGb a^*GB on Ga/Gb, where a^* :— (a^^)* for a E A, and 
* is the involution in A. By (|5.5p . every element oGb in Ga/Gb is of the form oGb — uexp(iX)GB 
with u G \Ja and X E p, and the correspondence Mexp(i^)GB [('"i-'^)] sis a bijection. But then 
{uexp{iX))^* — iiexp(— iX) since X* — ~X, and the proof ends. □ 

To put Theorem 15.61 and Corollary 15.81 in a proper perspective, we recall that for X E {A, B} 
the Banach-Lie group Gx is the universal complexification of Ux (see Example VI. 9 in [Ne02j . and 
also |GN03| V Besides this, we have seen in Theorem 15.41 that the homogeneous space Ga/Gb is a 
complexification of Va/Vb- Now Corollary 15.81 implements such a complexification in the explicit 
terms of a sort of polar decomposition (if X e p then exp(iX)* = exp(— i(^X)) = exp(iX) whence 
exp(iX) = exp(iX/2) exp(iX/2)* is positive). For the group case, see |GN03| . 

Remark 5.9. It is to be noticed that there is an alternative way to express the involution mapping 
considered in this section as multiplication by positive elements. This representation was suggested by 
Axiom 4 for involutions of homogeneous reductive spaces as studied in the paper [MR92j . 
Specifically, under the conditions assumed above the following condition is satisfied: 

(5.6) (Va E GA)(3a+ E G\, h+ E G^) a"* = a+ab+. 

To see this first note that we can assume |ja*|| < \f2. Then, if 7i is a Hilbert space such that A is 
canonically embedded in B{T-l) and x E TC, 

\\a*ax\\'^ < 2||aa;|p {x — a*ax \ x ~ a* ax^.^ < {x \ a;).^ <4> || (1 — a*a)a;|p < \\x\\'^ . 

Thus ||1 - a*a\\ < 1 and so ||1 - E{a*a)\\ = \\E{1) - E{a*a)\\ < 1, whence b+ := E{a*a) E G^. Now it 
is clear that (5.6) holds with a_|_ := {a~*)b^'^a^^ E G\. 

As a consequence of (5.6), we have that a^*GB = a+ oGb for every a E Gb- Let us see the 
correspondence of such an identity with the decomposition of a^*Gs given in Theorem 15.61 Since 
a = ue'^b in (5.5), we have a*a = {be'^u-'^){ue'^b) = be'^'^b and so E{a*a) = bE{e'^'^)b. It follows 
that a-* = a+ab+ where b+ = bE{e'^'^)b and a+ = ue-'^b-'^E{e'^'^)-^b-'^e-'^u-'^. □ 

There is a natural identification between the vector bundle S: Va ^tJb P ^ Ua/Ub and the tangent 
bundle T(Ua/Vb) Ua/Ub- In view of Theorem 15.61 we get an interesting interpretation of the 
homogeneous space Ga/Gb as the tangent bundle of Ua/Ub- 
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Corollary 5.10. In the above notation, the vector bundle \Ja xiJb P ^ Ua/Ub is \J A-equivariantly 
isomorphic to the tangent bundle T(Ua/U_b) — > Ua/Ub- Hence, the composition 



defines a \J A-eguivariant diffeomorphism between the complexification Ga/Gb and the tangent bundle 
T{\J a/V b) of the homogeneous space Va/^b- 

Proof. Let a: {u,v\Jb) ^ uvVb, Va x Va/Ub U^/Us. Then let pq ~ lUs G U^/Us and 
d20L: V: A X T{\} aI^ b) ^(Ua/Ub) the partial derivative of a with respect to the second variable. 
Since ^^^^(Ua/Ub) ~ p, by restricting to x Tp^ (U^/C/s) we get a mapping : x p ^ 
T(Ua/Ub). Then it is straightforward to show that there exists a unique U^i-equivariant diffeomorphism 
a-^ : X Ub P r(UA/UB) such that o k = af . 

Now it follows by Theorem 15 . 61 that the composition GaIGb — > Xub P — > ^(Ua/Ub) defines a 
Uyi-equi variant diffeomorphism between the complexification GaIGb and the tangent bundle T(Ua/Ub) 
of the homogeneous space U^i/Us. □ 

Remark 5.11. It is known that conditional expectations can be regarded as connection forms of prin- 
cipal bundles, see [ACS95j . [CG99j . and [Ga06 . Thus Corollary 15.101 leads to numerous examples of 
real analytic Banach manifolds whose tangent bundles have complex structures associated with certain 
connections. See for instance |LS91| . |Bi03j . and [Sz04] for the case of finite-dimensional manifolds. □ 



In this section we are going to apply the preceding theory of reproducing (— *)-kernels, for homo- 
geneous like-Hermitian bundles, to explore the differential geometric background of completely positive 
maps. Thus we shall find geometric realizations of the Stinespring representations which will entail an 
unexpected bearing on the Stinespring dilation theory. Specifically, it will follow that the classical con- 
structions of extensions of representations and induced representations of C*-algebras (see |Di64j and 
|Ri74j ■ respectively), which seemed to pass beyond the realm of geometric structures, actually have geo- 
metric interpretations in terms of reproducing kernels on vector bundles. See Remark l6.9l b elow for some 
more details. 

Notation 6.1. For every linear map ^: X between two vector spaces and every integer n>\ 

we denote $„ = $(g)idM„(c): *^n(^) ^ M,-,{Y), that is, $„((xy )i<i j<„) = ($(a;ij))i<,;j<„ for every 
matrix (a;ij)i<ij<„ G Af„(X). □ 

Definition 6.2. Let A\ and Ai be two unital C*-algebras and $ : Ai ^ A2 a linear map. We say that <& 
is completely positive if for every integer n > 1 the map $„ : Af„(Ai) — > Af„(j42) is positive in the sense 
that it takes positive elements in the C*-algebra Mn{A\) to positive ones in Mn^A-i). 

If moreover $(1) = 1 then we say that $ is unital and in this case we have ||$n|| 1 for every n > 1 
by the Russo-Dye theorem (see e.g.. Corollary 2.9 in [Pau02| ) . □ 

Definition 6.3. Let A be a unital C*-algebra, Tig a complex Hilbert space and <&: A ^ B{'Ho) a unital 
completely positive map. Define a nonnegative sesquilinear form on A (g) Tio by the formula 



Ga/Gb 




Ua P 



T(Ua/Ub) 



6. Stinespring representations 



n n n 



for all ai, . . . , a„, 5i, 



. . . , 6„ e A, ^1, . . . , 771, . . . , 77„ G Hq and n > 1. In particular 



n 



n 



(6.1) 
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where r] = • € M„^i(C) i^TCq. Consider the hnear space N — {x £ Ai^Tio I (2; | a;) = 0} and denote 

\VnJ 

by /Co the Hilbert space obtained as the completion of {A (g) 'Ho)/N with respect to the scalar product 
defined by (• | •) on this quotient space. 

On the other hand define a representation tt of A by linear maps on A<^ Hq by 

{Va, b e A){\fr] eT-io) 7r(a)(6 (g) 77) = a6 «) 77. 

Then every linear map 7f(a) : A (g) Hq ^ A (g Hq induces a continuous map {A g) Ho)/N ^ (A g) Hq)/N, 
whose extension by continuity will be denoted by 7r$(a) £ B{ICo). We thus obtain a unital ^-representation 
7r$ : A — > B{ICo) which is called the Stinespring representation associated with $. 

Additionally, denote by V : Ho ICq the bounded linear map obtained as the composition 

V:no^A(E)Ho^ {A (g)no)/N ^ ICq, 

where the first map is defined byAs/ii— >lg)/i£v4g) Hq and the second map is the natural quotient 
map. Then V: TCq ICq is an isometry satisfying $(0) = V*Tr{a)V for all a G A. □ 



Remark 6.4. The construction sketched in Definition 16.31 essentially coincides with the proof of the 
Stinespring theorem on dilations of completely positive maps ( |St55| ): see for instance Theorem 5.2.1 in 
[EROOj or Theorem 4.1 in [Pau02j . Minimal Stinespring representations are uniquely determined up to a 
unitary equivalence; see Proposition 4.2 in |Pau02| . 

We also note that in the case when dimHo = Ij that is, $ is a state of A, the Stinespring representation 
associated with $ coincides with the Gelfand-Naimark-Segal (GNS) representation associated with $. 
Thus in this case the isometry V identifies with an clement h in ICq such that = {■K{a)h \ h)u for all 
a e A. □ 

We now start the preparations necessary for obtaining the realization theorem for Stinespring repre- 
sentations (Theorem 16. top . 

Lemma 6.5. Let $; A — )■ i? be a unital completely positive map between two C* -algebras. Then for 
every n>l and every a G Mn{A) we have <i>„(a)*<i>„(a) < <i>„(a*a). 

Proof. Note that : Mn{A) Mn{B) is in turn a unital completely positive map, hence after replacing 
A by Mn{A), B by Mn{B), and $ by we may assume that n = 1. In this case we may assume 
B C B{'Ho) for some complex Hilbert space Tio and then, using the notation in Definition 16.31 we have 

$(a*a) = V*TT^{a*a)V = V*TT^{a)*idK:an^{a)V > V*TT^{a)*VV*7Ti{a)V = $(a)*$(a), 

where the second equality follows since the Stinespring representation 7r$ : A — s- B{ICq) is in particular a 
*-homomorphism. See for instance Corollary 5.2.2 in [EROO] for more details. □ 



For later use we now recall the theorem of Tomiyama on conditional expectations. 

Remark 6.6. Let 1 G i? C A be two C*-algebras and such that there exists a conditional expectation 
E: A ^ B, that is, i? is a linear map satisfying E'^ — E, \\E\\ — 1 and Rani? = B. Then for every a & A 
and 61,62 e B we have E{a*) = E{a)*, < E{a)*E{a) < E{a*a), and E{biab2) = biE{a)b2. (See for 
instance |To57] or |Sa7I| .) Additionally, E is completely positive and E{1) = 1, and this explains why 
E has the Schwarz property stated in the previous Lemma 16.51 □ 

Lemma 6.7. Assume that \ £ B Q A are C* -algebras with a conditional expectation E: A B and 
a unital completely positive map ^: A B{TLq) satisfying <^ o E — <^ , where Tio is a complex Hilbert 
space. Denote by tta' A ^ B{'Ha) and ttb ■ B B{TLb) the Stinespring representations associated with 
the unital completely positive maps $ and '^\b, respectively. Then Tis ^ Ti-A, and for every ho g Tig and 
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b ^ B we have the commutative diagrams 

A - 



B 



Ha 



Ha 



Hb 



where P : Ha Hb is the orthogonal projection, and Lho- A Ha is the map induced hy a ^-^ a® h^. 

Proof. We first check that the right-hand square is a commutative diagram. In fact, it is clear from the 
construction in Definition 16.31 that Hb Q Ha and for every b G B we have ■7TA{b*)\-HB — '^B{b*)- In other 
words, if we denote by /: Hb ^ Ha the inclusion map, then 7r^(6*) o I ^ I o 71^(6*). Now note that 
I* = P and take the adjoints in the previous equation to get P o TTAib) = 7rs(&) o P. 

To check that the left-hand square is commutative, first note that E (E) id-Uo '■ ^ ® Ho ^ A® Hq is an 

n 

idempotent mapping. To investigate the continuity of this map, let a; = ^ (g) £ ^ 'X) Hq and note 

1=1 

(''] 

that {{E®idHo)x\iE®idHo)x) = {^n{iE{a*)E{a,))i<,^j<n)^\^),wheTe^^ \ : eM„,i(C)®Ho. 
On the other hand {E{a*)E{aj))i<ij<n En{a*)E„{a) < E„{a*a) = i?„ ((a*aj)i<i j<„) , where 



/ ai 




an\ 




e A'UA) 



and the above inequality follows by Lemma 



Now, since <i>„: M„(A) 



Mn{B) is a positive map, we 
get <^n{{E{a*)E{aj))i<,^j<„) < $„(£'„((a*aj)i<jj<„)). Furthermore we have $„ o = ($o£')„ = $„ 
by hypothesis, hence (^{E id-Ho)x \ (E' ® id-Ho)a;) < aj)i<i,j<n)^ I ^) = (^^ I x)- Thus the hnear 

map E (g) id-Ho ■ ^ ® Hq ^ A® Hq is continuous (actually contractive) with respect to the semi-scalar 
product (• I •) and then it induces a bounded linear operator E: Ha ^ Ha- Moreover, since E'^ ^E and 
E{A) — B, it follows that E^ — E and E{Ha) — Hb- On the other hand, it is obvious that for every 
ho €z H we have E o Lh„ = t^,, o E. Hence it will be enough to prove that E = P. 

n n 

To this end let a; = J2 ^ ^ ^ ^ Ha and y — 'Y^ bj ® r^j ^ B ® Ha arbitrary. We have 

i=i j=i 

71 n 71 71 



71 

Ei 



Hb*Ja^) I Vj) = [x I y), 



where the third equality follows since E{ba) — bE{a) for all a G A and b £ B, while the next-to-last 
equality follows by the hypothesis ^oE — ^. Since y £ B(gHa is arbitrary, the above equality shows that 
{E®idno)x—x _L B(E)Ha- This implies that E{x)—x _L Hb, whence E{x) = P{x) for all x G A^Hq, where 
X ^ X, A® Hq Ha, is the canonical map obtained as the composition A (g) Ha — > (A ® Hq) /N ^ Ha- 
(See Definition 16.31 ) Since {x \ x € A® Ha} is a dense linear subspace of Ha, it follows that E = P 
throughout Ha, and we are done. □ 

Remark 6.8. Under the assumptions of the previous lemma, we also obtain that Ha ~ span tt a(V a)Hb'- 
By standard arguments in C*-algebras, we have that A — span^UA or, equivalently, A = spanU^ ■ B 
since we have 1 g _B. So Ai^Hq = spanU^i • {B (g) Hq) whence by quotienting and then by passing to the 
completion we get Ha = span tta {\Ja)H b - 
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Hence the mapping 7 is an isometry from "Ha onto Ti.^ and the inverse mapping 7 ^ coincides with 
W, see the remark prior to Theorem 15.21 □ 

Remark 6.9. In the setting of Lemma [6.71 if the restriction of $ to S happens to be a nondegenerate 
*-representation of B on Tio, then Hb — Ti-o and ttb — *&|b by the uniqueness property of the minimal 
Stinespring dilation (see Remark l6.4p . In this special case our Lemma [6771 is related to the constructions of 
extensions of representations (see Proposition 2.10.2 in [Di64j ) and induced representations of C*-algebras 
(see Lemma 1.7, Theorem 1.8, and Definition 1.9 in [Ri74j ). □ 

In the following theorem we are using notation of Section [S] 

Theorem 6.10. Assume that B Q A are two unital C* -algebras such that there exists a conditional 
expectation E: A B from A onto B, and let ^: A B{TLo) he a unital completely positive map 
satisfying $oiJ = where Hq is a complex Hilbert space. Let (t^aIgat'^bIgbt P) Stinespring data 

associated with E and $. Set A: u\Jb uGb, Va/^b ^ Ga/Gb- 
Then the following assertions hold: 

(a) There exists a real analytic diffeomorphism a 1-^ {u{a) , X {a) , b{a)) , Ga ~* Va x p x so that 
a = u{a) e-xjp(iX (a))b(a) for all a Cz A, which induces the polar decomposition in Ga/Gb, 

aGs = M(a) exp(iX(a))GB, a ^ Ga- 

(b) The mapping — * : uexp(iX)GB 1— > uexp{—iX)GB, Ga/Gb Ga/Gb is an anti-holomorphic 
involutive diffeomorphism of Ga/Gb such that 

A(Ua/Ub) = {.s e Ga/Gb \ s ^ s'*}. 

(c) The projection 

uexp(iX)Gs ^ u\]b, Ga/Gb ^ U^/Us 
has the structure of a vector bundle isomorphic to the tangent bundle \] a ^VbP ^ U^/Ub of 
the manifold Ua/Us. The corresponding isomorphism is given by uexp(iX)GB >— *■ [(w, ^)] for 
all u e Ua, X ^p. 

(d) Set HiE,^) {7(/i) | h e Ha} C 0{Ga/Gb,D) where -f. Ha ^ 0{Ga/Gb,D) is the re- 
alization operator defined by j{h){aGB) = [(1, ^'(7ryi(a)^^/i))] for a G G^ and h G Ha- Put 
7" := 7(-)lu^/u« : ^a ^ ^^(Ua/Ub, D^) and Ti^iE, $) := {^^{h) | G Ha}- Denote by ii{a) 
the operator on the spaces (\] a/^ BtD^) o.'^d 0{Ga/Gb,D) defined by natural multiplication 
by a ^ Ga- Then Ti{E,^) and 7i^(£', $) are Hilbert spaces isometric with Ha- Moreover, for 
every a G Ga the following diagram is commutative 

Ha > H^iE,^) ^ . HiE,^) 

7r(a) 

Ha ""'^ H^{E,<S>) ^ ) H{E,<S>), 
that is, 7 o 7r(a) ~ fJ.{a) o 7. 

(e) There exists an isometry Ve.$ : Hq — > H{E, $) such that 

Ha) ^ Vl^{Ti^i){a)VE^^ , a e A, 

where Tifi is the tangent map of A*(')lw(-E.*) o,t 1 £ Ga- In fact, Ti/i is a Banach algebra 
representation of A which extends fi. 

Proof, (a) Let {7ta\gat''^b\gbt P) be the Stinespring data introduced in Lemma 16.71 so that Ha = 
span tta{Ga)Hb according to Remark 16.81 We have that G^ = Gs n G\ as a direct consequence 
of the fact that the C*-algebras are closed under taking square roots of positive elements. Then parts 
(a)-(d) of the theorem follows immediately by application of Theorem 15.61 CoroUarv 15.81 Corollarv l5.10l 
and Theorem 15.41 

As regards (e) note that for every a G A and h G Ha, 

nii{a)-i{h) = (dM)|t=oM(e*")7(/i) = (dM)|t=oe*''[(e-*"(.) ,P{^A{-)-^^A{e'nm= l{^A{a){h)). 
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Since 7 is bijective (and isometric) we have that Tx^ia) = ^^^t:a{o)i for all a G A, whence it is clear 
that Ti/i becomes a Banach algebra representation (and not only a Banach-Lie algebra representation). 

Now take Ve.* := ^ oV where V is the isometry V : TCo Ha given in Definition 16.31 It is clear that 
7* = 7~^ and then that Ve^* is the isometry we wanted to find. □ 

Remark 6.11. Theorem 16.101 extends to the holomorphic setting, and for Stinespring representations, 
the geometric realization framework given in Theorem 5.4 of |BR07| for GNS representations. As part of 
such an extension we have found that the real analytic sections obtained in |BR07| are always restrictions 
of holomorphic sections of suitable (like-Hermitian) vector bundles on fairly natural complexifications. 

Part (e) of the theorem provides us with a strong geometric view of the completely positive mappings 
on C*-algebras A: such a map is the compression of the "natural action of A" (in the sense that it 
is obtained by differentiating the non-ambiguous natural action of Ga) on a Hilbert space formed by 
holomorphic sections of a vector bundle of the formerly referred to type. □ 

7. Further applications and examples 

1) Banach algebraic amenability 

Example 7.1. Let 21 be a Banach algebra. A virtual diagonal of 21 is by definition an element M in the 
bidual 2l-bimodule (2l(g)2l)** such that 

y-M = M • y and m{M) -y = y (y € 21) 

where m is the extension to (21(8)21)** of the multiplication map in 21, y^y' ^ yy'. The algebra 21 is called 
amenable when it possesses a virtual diagonal as above. When 21 is a C*-algebra, then 21 is amenable 
if and only it is nuclear. Analogously, a dual Banach algebra 9Jl is called Cannes- amenable if 21 has a 
virtual diagonal which in addition is normal. Then a von Neumann algebra 21 is Connes-amenable if and 
only it is injective. For all these concepts and results, see ;Ru02 . 

Let 21 be a C*-algebra and let *B be a von Neumann algebra. By Rep(2l, *8) we denote the set of 
bounded representations p: 21 ^ 05 such that p(2l)*B* = *B* where *B* is the (unique) predual of *B 
(recall that 05* is a left Banach Q3-module). In the case *B = B{H), for a complex Hilbert space H, 
the property that p(2t)Q3* = 03* is equivalent to have p{%)'H = H, that is, p is nondegenerate. Let 
Rep^(2l, 05) denote the subset of ^-representations in Rep(2l, 05). For a von Neumann algebra 9JI, we 
denote by Rep'^(9Jl, 05) the subset of homomorphisms in Rep(S[Jl, OS) which are ultraweakly continuous, 
or normal for short. As above, the set of ^-representations of Rep'^(9Jt, *B) is denoted by Kep^{Tl, 05). 

From now on, 2t, dJl will denote a nuclear C*-algebra and an injective von Neumann algebra respec- 
tively. Fix p G Rep(2l, OS). The existence of a virtual diagonal M for 21 allows us to define an operator 
£:p : 05 OS by 

{EpiT)x I x') M (y y' ^ (p(y)T)p(y')x | x')) = / {p{y)T)p{y')x \ x') dM(y, y') 

where x,x' belong to a Hilbert space H such that 05 ^ B{TL) canonically, and T £ S. In the formula, 
the "integral" corresponds to the Effros notation, see [CG98| . The operator Ep is a bounded projection 
such that 

Ep{^) = p(2l)' {T e OS I Tp{y) = p{y)T, y e 21}. 

In fact, it is readily seen that \\Ep\\ < \\M\\ |j/o|p, so that Ep becomes a conditional expectation provided 
that ||M|| = IIpII = 1. For instance, if p is a >i=-homomorphism then its norm is one, see page 7 in [Pau02j . 
The existence of (normal) virtual diagonals of norm one in (dual) Banach algebras is not a clear fact 
in general, but it is true, and not simple, that such (normal) virtual diagonals exist for (injective von 
Neumann) nuclear C*-algebras, see page 188 in |Ru02] . 

For p e Rep(2l,0S) and T e 05, let TpT-^ e Rep(2t, 05) defined as {TpT-^){y) := Tp{y)T-^ (y e 21). 
Put 

6(p) := {TpT-^ I T e Gs} and il(p) := {TpT-^ \ T e Us}. 
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The set &{p) is called the similarity orbit of p, andil(T) is called the unitary orbit of r G Rep^(2l, 05). It is 
known that Rep(2l, *8), endowed with the norm topology, is the discrete union of orbits 6(p). Moreover, 
each orbit &{p) is a homogeneous Banach manifold with a reductive structure induced by the connection 
form Ep. In the same way, Rep^(2l, *B) is the disjoint union of orbits U(t), and the restriction of Ep on 
Uqs is a connection form which induces a homogeneous reductive structure on il(r) - see |ACS95| . |CG98) . 
and [Ga06| . We next compile some more information, about the similarity and unitary orbits, which is 
obtained on the basis of results of the present section. 

Let p E Rep(2l, *B). As it was proved in |Bu81j and independently in |Ch81| (see also |Ha83p . there 
exists T e Rep, (21, *B) n 6(p), whence &{p) = S(t). Hence, without loss of generality, p can be assumed 
to be a ^-representation, so that \\p\\ — 1. Moreover, since we are assuming that 21 is nuclear, we can 
choose a virtual diagonal M of 21 of norm one. Thus the operator Ep is a conditional expectation. Set 
A <B, B p(2t)'. With this notation, e{p) = Ga/Gb and ^{p) = U^/Uij diffeomorphically. 

For X E pp := Ker Ep D ua, let [X] denote the equivalence class of X under the adjoint action of Us 
on pp considered in Theorem 15.61 Also, set e'^ := exp(iX). 

Corollary 7.2. Let ^ be a nuclear C* -algebra and let ^ be a von Neumann algebra. The following 
assertions hold: 

(a) Each connected component o/Rep(2l, *B) is a similarity orbit &{p), for some p e Rep,(2l, *B). 
Moreover, each orbit &{p) is the disjoint union 

eip) = U il(e'^pe-'^) 

[X]Gp,/Vb 

where ii{e^^ pe^^-^) is connected, for all [X] G pp/Us. 

(b) The similarity orbit &{p) is a complexification of the unitary orbit il(p) with respect to the invo- 
lutive diffeomorphism ue^^ pe~^^u~^ i-^ ue~^^ pe^^u^^ (u G Ufg j. 

(c) The mapping ue^^ pe~^^ u^^ i— > upu^^, &{p) — > il(/c) is a continuous retraction which defines a 
vector bundle difjeomorphic to the tangent bundle \Ja ><Ub Pp ~* ^{p) of iX{p). 

(d) Let Ti.Q be a Hilbert space such that 05 ^ B{TLq). For every p G Rep(2t, 05) there exists a Hilbert 
space 'Hq{p) isometric with Ti.Q, which is formed by holomorphic sections of a like-Hermitian 
vector bundle with base &{p). Moreover, 05 acts continuously by natural multiplication on 7io(p), 
and the representation R obtained by transferring p on 'Ho{p) coincides with multiplication by p; 
that is, R{y)F — p(j) ■ F for ally E% and section F G Ho{p)- 

Proof, (a) As said before, every similarity orbit of Rep(2t, 05) is of the form 6{p) for some p G Rep,(2t, 05). 
Since A = OS is a von Neumann algebra, the set of unitaries U^i = U<8 is connected whence it follows 
(as in Remark r2.14|) that the orbits &{p) and ii{e^'^ pe^^-^) are connected for all X G pp. For X,Y e pp, 
we have il(e'^pe^'^) = il(e'^/9e~'-^) if and only if there exists u G such that e'^pe^'^' ~ ue'^^pe^''^', 
which means that u G \Jb and Y = uXu~^ (see Theorem l5.6p . Hence [X] — [Y]. Finally, by Theorem l5.6l 
again we have 6(p) = [j[x]ep,/VB ^(e'^pe^'^)- 

(b) This is Theorem Ein] (b). 

(c) This follows by Theorem l6.10l (c). 

(d) Given p in Rep(2l, 05), there is r = t{p) in Rep, (21, 05) such that &{p) = &{t). Now we fix a 
virtual diagonal of 21 of norm one and then define the conditional expectation Ep = Et.(^pj as prior to 
this corollary. So £'p: OS ^ l3{'Ho) is a completely positive mapping and one can apply Theorem 16.101 
(d). As a result, one gets a Hilbert space 7i(p) := T-l{Ep, Ep) of holomorphic sections of a like-Hermitian 
bundle on &{p) — G<s/Gb (where B — jo(2l)'), and an isometry Vp := Ve^ : Tio T^ip), satisfying 
Epifiy)) = Vp*Tip{p{y))Vp for aU y G 21, in the notations of Theorem \6J0[ Note that V*Vp = 1 
and therefore the correspondence y i~> Vpp{y)Vp defines a (bounded) representation of Tiip). Now take 
T^oip) '■= V{Ti.o) and define i?(y) as the restriction of Vpp{y)Vp on Hoip) for every y G 21. Clearly, R is 
the transferred representation of p from Tio to TLn{p). 
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Also, for every F e 'Hq{p) there exists ho £ Ho such that F = Vp{l (g) ho), that is, F{aGB) = 
[(a, P{a^^ ho)] for aU a e Gs, where P is as in Lemma l67fl Then, for y G 21, 

R{y)F = R{y)Vp{l (g> ho) = Vp piy)V;Vp{l (g> ho) = Vp p(y)(l (g> ho) 

= Vp{p{y) ® ho) = TMp{y)) Vp{l ® ho) = p{y) ■ F, 

as we wanted to show. □ 

Remark 7.3. (i) The first part of Corollary 17.21 (a) was already well known (see for example 
|ACS95| ). In the decomposition of the second part, the orbit it(e'^pe~'"^) for X = corre- 
sponds to the unitary orbit of p. So the disjoint union supplies a sort of configuration of the 
similarity orbit &{p) by relation with the unitary orbit 

(ii) Parts (a), (b), (c) of Corollary 17.21 are consequences of the Porta-Recht decomposition given in 
|PR94| . see (|5.5p . Such a decomposition has been considered previously in relation with similarity 
orbits of nuclear C*-algebras, though in a different perspective, see Theorem 5.7 in |ACS95| . for 
example. 

(iii) Corollary [7?2] admits a version entirely analogous for injective von Neumann algebras 971 (replacing 
the nuclear C* algebra 21 of the statement) and representations in Rep" (21, S) and Rep" (21, S). 
Proofs are similar to the nuclear, C*, case. For the analog of (d) one needs to take a normal 
virtual diagonal of 9JI of norm one. 

(iv) Corollary [72] applies in particular to locally compact groups G for which the group C*-algebra 
C*{G) is amenable, see |ACS95] and [CG99| . When the group is compact the method to define 
the expectation Ep works for every representation p taking values in any Banach algebra A. We 
shall see a particular example of this below, involving Cuntz algebras. 

□ 

2) Completely positive mappings 

Let A be a complex unital C*-algebra, with unit 1, included in the algebra B{TL) of bounded operators 
on a Hilbert space Ti.. Assume that A ^ B{H) is a unital, completely bounded mapping. (In the 
following we shall assume freely that Ti. is separable, when necessary.) 

Lemma 7.4. Given $ as above and u £ Ga, 1st denote the mapping := u<^{u~^ ■ u)u~^ . Then 

(i) For every u £ Ga, is completely hounded and \\^u\\cb < ll*&l|cb||'"*|| 

(ii) // $ is completely positive then is completely positive for every u G \] a ■ 

Proof, (i) Let n be a natural number. Take / = (/i, • • • , /„), h — {hi, • • • , /i„) £ 7i" and {aij)ij £ Mn{A) 
all of them of respective norms less than or equal to 1. In the following we shall think of / and g in their 
column version. Then, for u £ Ga, we have 



I h)H^\ - |^(<i>(w-ia.,w)(w-V,) I u*h,)n\ 



< ||<i>(")(^"'«..")».lle(«") ll(""V,),ll«" \\iu*hMn'^ 

< \m,b \\{u-'l)ia,j),,{uI)\\B(n'^) \\u-'\\ \\u\\ < \m,b\\u-'"^' 



u 



(ii) Assume now that $ is completely positive. For natural n, take {aij)ij > in Af„(A) and h = 
(hi,-- - ,hn) £T-r. Then 

n n 

($l")(a,j),y7i I /i)„^ =((^ <i>u{aij)hj, . . . , ^ $„(a„j)/ij) | h)n^ 

n n 

= ($n(ay )/i, I h,)n = E / I 

where / = u~^h, bij = u~^aijU, u £ \]a- So {bij)ij > in M„(A) and, since $ is completely positive, we 
conclude that ) > as we wanted to show. □ 
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Now let $ : v4 B{Ti,) be a fixed, unital completely positive mapping. By Proposition 3.5 in [Pau02j . 
$ is completely bounded. According to the preceding Lemma Fr4l if Z^(<i>) and 5(<I>) denote, respectively, 
the unitary orbit U{^) :— {$„ | u € U^} and the similarity orbit 5(<f>) :— {$„ | u € Ga} of <&, there are 
natural actions of on S{^) and of \Ja on under usual conjugation. Note that the elements of 

the orbit are completely bounded maps but they do not need to be completely positive. 

Put G($) := {u e I = $} and U($) := G($) n U^. 

Corollary 7.5. In the above notation, S{^) = Ga/G{^) andU{^) Ua/U($). 

Proof. It is enough to observe that G(<i>) and U($) are the isotropy subgroups of the actions of Ga on 
5(<i>) and of on U{^), respectively. □ 

Note that G(<1>) is defined by the family of polynomial equations 

ip{^{axa^^) - a^{x)a~^) = 0, x e A, ip e B{H)*, a e Ga 

on Ga X Ga, so G($) is algebraic and a Banach-Lie group with respect to the relative topology of A (see 
for instance the Harris-Kaup theorem in |Up85| ). To see when the isotropy groups G(<i>) and U(<i>) are 
Banach-Lie subgroups of G^, we need to compute their Lie algebras £|($) and u(<i>), respectively, and to 
see whether they are complemented subspaces of A. 

Lemma 7.6. In the above notation we have g(<i>) = {X e A \ {Va £ A) ^{[a,X]) = [$(a),X]}, and 
therefore u($) ^ {X G ua \ (Va G A) ^{[a,X]) = [$(a),X]}. 

Proof. To prove the inclusion "C" just note that ii X E A and e*^^ :— exp{tX) e G(<i>), then for every 
a e A we get $(e*"^ae^*'^) = e*"^$(a)e~*'^ for all t e M. Hence by differentiating in t and taking values 
at f = we obtain <^{aX - Xa) = <^{a)X - X$(a); that is, $([a,X]) = [<^{a),X]. 

Now let X in the right-hand side of the first equality from the statement. Then A is an invariant 
subspace for the mapping a,dX ~ [X,-]: B{H) B{H), since X <E A. In addition, $ o (adX)!^ = 
(adX) o $. Hence for every i e M and n > we get $ o (iadX)"!^ = (tadX)" o whence $ o 
exp(t(adX)U) = exp(tadX) o $. Since exp(tadX)& = e^^be'*^ for all b e B{n), it then follows that 
e*"^ G G(<I>) for all i G M, whence X G The remainder of the proof is now clear. □ 

As regards the description of the isotropy Lie algebra q{^) in Lemma [7.61 let us note the following 
fact: 

Proposition 7.7. The isotropy Lie algebra is a closed involutive Lie subalgebra of A. If the range 
of ^ is contained in the commutant of A then q{^) is actually a unital C* -subalgebra of A, given by 
g(<i>) = {X e A \ $(aX) ^ ^{Xa) for all ae A}. In this case, Gj|($) = G(<i>). 

Proof. It is clear from Lemma [7.61 that is a closed linear subspace of A which contains the unit 1. 
Moreover, since "I>(a*) = (f>(a)* for all a G A (this is automatic by the Stinespring's dilation theorem, for 
instance), then for X G fl($) and a G A we have $([X*,a]) = $([a*,X]*) = $([a*,X])* = [$(a*),X]* = 
[X*,<I>(a)] whence 0($) is stable under involution as well. The fact that q{^) is a Lie subalgebra of A 
follows by Theorem 4.13 in [Be06j (see the proof there). 

If the range of <I> is contained in the commutant of A, then g(<I>) = {X G A \ ^{aX) = ^{Xa) for all a G 
A}, and so 0($) is a C*-subalgebra of A. Finally, note that u G Gg(<[,) if and only if u G G^ and 
^{uau^^) = <i>(a) = u$(a)u^^ (since $(A) C A'), if and only if u G G($). □ 

The condition in the above statement for <I> to be contained in the commutant of A holds if for instance, 
$ is a state of A. Next, we give another example suggested by Example 17.11 For a C*-algebra 21 and 
von Neumann algebra A with predual let p: 21 — > A be a bounded *-homomorphism such that 
/9(2t)^* = A*. Denote w* the (generic) weak operator topology in a von Neumann algebra. 

Corollary 7.8. Assume that 2t is a nuclear C* -algebra or an infective von Neumann algebra (in the 

second case we assume in addition that p is normal), and that A — p(2l) . Let ^ = Ep-. A ^ A be a 
conditional expectation associated with p as in Example \7.1\ Then B :— ^{A) C A' and therefore 
is a von Neumann subalgebra of A. Also, B is commutative and so it is isomorphic to an algebra of L°° 
type. 
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Proof. From — /o(2l)' and A — p(2l) it is readily seen (recall that is an A-bimodule for the 

natural module operations) that <l>(a) commutes with every element of A for all a E A. The remainder 
of the corollary is clear. □ 

It is not difficult to find representations as those of the preceding corollary. If tt : 21 ^ S is a rep- 
resentation as in Example 17.11 then it is enough to take A :— 7r(2t) in 05, and p: 2t ^ A defined 
by p{y) :— 7r(y) (y G 21), to obtain a representation satisfying the hypotheses of Corollary 17.81 It is 
straightforward to check that A is a C*-algebra and, moreover, that A is a dual Banach space. In effect, 
if 05* is the predual of 05 and ^A is the pre-annihilator subspace of A in then the quotient *B*/-'-A 
is a predual of A, and an A-submodule of A* , such that p(2t)(25*/-'-A) = Note that in the case 

when !B = B{H) the von Neumann's bicommutant theorems says that A — 7r(2t)". 

3) Conditional expectations 

As regards the isotropy group G($) of a completely positive map $: A — > B{'H), we are going to 
see that it is actually a Banach-Lie subgroup of Ga (in the sense that the isotropy Lie algebra 0($) is 
a complemented subspace of A) in the important special case when <i> is a faithful normal conditional 
expectation. This will provide us with a wide class of completely positive mappings whose similarity 
orbits illustrate the main results of the present paper. 

Thus, let assume in this subsection that <i> = E' is a faithful, normal, conditional expectation E: A ^ B, 
where A and B are von Neumann algebras with B C A C B{H). In this case all of the elements in 
the unitary orbit hi{E) are conditional expectations, whereas all we can say about the elements in the 
similarity orbit S{E) is that they are completely bounded quasi-expectations. We would like to present 
S{E) aivdU{E) as examples of the theory given in the previous Theorems l5.4l and/or l5.6[ or even Section[6l 
of this paper. 

Denote Ae := {x G i?' n A | E{ax) = E{xa),a e A} and fix a faithful, normal state ip on B. (Such a 
faithful state exists if the Hilbert space H is separable.) The set Ae is a. von Neumann subalgebra of A 
and, using the modular group of A induced by the gauge state ip :— ip o E , it can be proven that there 
exists a faithful, normal, conditional expectation F : A ^ Ae such that E o F = F o E and 'tp o F — ij) 
(see Proposition 4.5 in lASOlp . Set A = E + F — EE. Then A is a bounded projection from A onto 

A(A) =Ae + B = {Ae fMiei E) ® B . 

By considering the connected 1- component G(i?)" — Gae • of the isotropy group G{E) (see Proposi- 
tion 3.3 in [ASOlp . the existence of A implies that G{E) is in fact a Banach-Lie subgroup of Ga, the orbits 
S{E) and U{E) are homogeneous Banach manifolds, and the quotient map Ga S{E) ~ Ga/G{E) is 
an analytic submersion, see Corollary 4.7 and Theorem 4.8 in [ASOlj . Also, the following assertions hold: 

Proposition 7.9. In the notations from above and from the first subsection, A(A) = 5{E). In particular, 
A splits trough q{E) and q{E) is a w* -closed Lie subalgebra of A. 

Proof. By Theorem 4.8 in [ASOlj the quotient mapping G^ 'S{E) = Ga/G{E) is an analytic submer- 
sion. In fact the kernel of its differential is q{E) (see Theorem 8.19 in |Up85| ). Also, q{E) := Ti{G{E)) = 
A{A) by Proposition 4.6 in [ASOlj. □ 

Now let A B{Ti.o) be any unital completely positive map such that ^ o E ^ ^ and apply 
Stinespring's dilation procedure to the mapping $ and the conditional expectation E: A ^ B. Thus, 
for J = A,B there are the Hilbert spaces TLj{<^) and (Stinespring) representations ttj: J — > S(7i,/(<i>)) 
such that Hb{^) ^ Ti.A{^) and ttb{u) = 7ryi(u)|-^^($) for each u E B, as given in Lemma l677l Denote by 
P: Ha{^) Ti-Bi^) the corresponding orthogonal projection. 

We are going to construct representations of the intermediate groups in the sequence 

Gb Q G{E)° C G{E) C Ga. 

For this purpose set He{^) ■— span(7rA(G(i?))H_B($)) and Pe the orthogonal projection from T-Ia{^) 
onto 7^£;($). We have that span(7rA(GA)'H£;($)) = 7^a(«'), since span(7rA(GA)'HB($)) = 'Ha(4>) by 
Remarking For every u G G{E), put tte{u) := 7rA(u)| Then 7r£:(u)(H£; (<!>)) C 7^£;($) and so 
(ttajT^e, Pe) is a data in the sense of Definition 13.101 (with holomorphic tta and tte). Similarly, set 
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:= spEn{nA{G{Ef)HB{'^)) and the orthogonal projection from onto 'H%{<P), and then 

for every u G G(£')°, define 7r^(u) := 7ryi(u)|^o (<j,). 

Next set := Hb(*), ■^''Ga Xg(£;)o H£;($), and := Ga Xg(£;) H£;($). Let 

HBi.P,'^)-, n%{Pl,<^) and HEi.PE,'^) denote the (reproducing kernel) Hilbert spaces of holomorphic 
sections in these bundles, respectively, given by Theorems 15.21 and I6.10r d) . 

Corollary 7.10. Let B Q A be unital von Neumann algebras, E: A ^ B be a faithful, normal, condi- 
tional expectation, and use the above notations. Then the inclusion maps Tisi^) ^ ^%{^) ^ 'Hsi^) 
and Gb ^ G(£')*' ^ G{E) induce bundle homorphisms 

Db > D% . De 

Ga/Gb > GAlG{Ef > S{E), 

which leads to GA-equivariant isometric isomorphisms T-Lb{P, $) — ^ 'H%{Pe^ ^ 'HsiPE, In partic- 
ular, the Stinespring representation tta\ga ■ Ga ^ l3{Ti.A{^)) can be realized as the natural representation 
fi: Ga — > B{T^e{Pe^ '^)) on the vector bundle De over the similarity orbit S{E). 

Proof. Recall that S{E) ~ GaIG{E) and the elements or sections of the spaces Hb{P,^), H%{P%,'^) 
and HsiPE, are of the form 

uGb ^ [iu,P{7rA{u-^)h))]; uG{E)° ^ [(w, P^(^a(w-1)/i))]; E^ = uG{E) ^ [{u, PE{nA{u-^)h))], 

respectively, for h running over T-Ca{^)- This gives us the quoted isometrics. The fact that 71^104 is 
realized as /i acting on TLe{Pe, ^) is a consequence of Theorem 15.41 □ 

CoroUarv 17. 101 admits a version in the unitary setting, that is, for the unitary groups Ua, Us, U(i?)'', 
U(i?) and unitary orbit U{E) playing the role of the corresponding invertible groups and orbit. The 
following result answers in the afhrmative the natural question of whether the similarity orbit S{E) ~ 
Ga/G{E) endowed with the involutive diffeomorphism aG{E) 1— > a~*G{E) is the complexification of the 
unitary orbit U{E) of the conditional expectation E. 

Corollary 7.11. In the above situation, the similarity orbit S{E) of the conditional expectation E is a 
complexification of its unitary orbit IA{E), and it is also \J A-eQuivariantly diffeomorphic to the tangent 
bundle oflA{E). 

Proof. Since the tangent bundles oiU{E) and Ua/U(£^) coincide the assertion that the tangent bundle 
oiU{E) is UA-equivariantly diffeomorphic to Ga/G{E) is a consequence of Corollarv l5.10l On the other 
hand, as recalled above, to prove the fact that Ga/G{E) is the complexification of Ua/U(-E) it will be 
enough to check that G{E)'^ = G\ fl G{E) (and then to apply Lemma . The inclusion C is obvious. 
Now let c G G;^ n G{E). By Definition EH there exists 5 G Ga such that c ^ g*g e G{E). Then the 
reasoning from the proof of Theorem 3.5 in [AS01| shows that g*g — ab with a G G\^ and b G G^, 
whence c = a6G G;^^ • Gj C G(i;)+. □ 

Remark 7.12. In connection with the commutative diagram of CoroUarv 17.101 note that since G{E)^ 
is the connected 1-component of G{E), it follows that the arrow GA/G(i?)" GA/G(i?) = S{E) is 
actually a covering map whose fiber is the Weyl group G{E)/G{E)° of the conditional expectation E (cf. 
|AS01| and the references therein). □ 

Remark 7.13. It is interesting to observe how Corollarv l7 . 1 01 looks in the case when g(-E) is an associative 
algebra, as in the second part of Proposition 17.71 

Thus let assume that for a conditional expectation E: A ^ A as in former situations we have that 
B :— E{A) C A'. Then B is commutative and A C B' (note that B' need not be commutative; in other 
words, B is not maximal abelian). Hence, by Proposition 17.71 

q{E) ^{X eA \ E{aX) = E{Xa), a e A} = {X e B' n A \ E{aX) = E{Xa),a G A} Ae- 
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By Proposition 17.91 Ae + B = A{A) = q{E) ~ Ae whence B C Ae- Also, as regards to groups, 
Proposition !?. 91 applies to give G^^e) — G{E) whence we have 

GiE) = Gb(b) = Ga^ C Ga^ ■ Gb = GiEf C GiE), 

and we obtain that G(£')" = G(£'). This implies that the bundles D% Ga/G(£')" and De S{E) of 
Corollary 17.101 coincide. 

Moreover, from the fact that B C Ae = 2{E) it follows that F o E ~ E where F is the conditional 
expectation given prior to Proposition l7.9l In fact, for a G A, E{a) G Ae — F{A) so there is some a' G A 
such that E{a) = F{a'). Then (F£')(a) = F{F{a')) iFF)ia') = F{a') = E{a) as required. Since 
FE = EE we have eventually that EE = EE = E. 

Suppose now that A ^ B{T-Iq) is a completely positive mapping such that $ o £' = $. Then 
$oF = o E) o F — $o [EE) = $ o E' = $, and one can use again the argument preceding 
Corollary 17.101 to find vector bundles with corresponding Hilbert spaces (fibers) and representations 
t:a - A ^ B{Ha{^)), t^Ae ■ B{'Hae{'^)) ^"^^ ttb-B^ B{Hb{^)), and so on. In particular, from 

E\ae ■■ Ae ^ B one gets = span TrAEiG{E))nB{'^) = spa5 TTAiG{E))nBi^) = 'He{'^)- Hence, 

in this case, the bundle De S(E) is a Stinespring bundle with respect to data 7r^ElG(£;)i ^bIgb (and 
the corresponding projection) to which Theorem 16. 101 can be applied. 

More precisely, part (c) of that theorem implies that S{E) is diffeomorphic to the tangent bundle 
Xu(£;) oiU{E), where = kerFflUA, in the same way as Ga/Gb is diffeomorphic to Xu^ p^, 
p^ = keri;nuA. □ 

4) Representations of Cuntz algebras 

We wish to illustrate the theorem on geometric realizations of Stinespring representations by an appli- 
cation to representations of Cuntz algebras. For the sake of simplicity we shall be working in the classical 
setting f |Cu77j ). although a part of what we are going to do can be extended to more general versions of 
these C*-algebras (see |CK80| . |Pi97j . and also [DPZ98p or to more general C*-dynamical systems. 

Example 7.14. Let N G {2, 3, . . . } U {oo} and denote by On the C*-algebra generated by a family of 
isometrics {wj}o<j<w that act on the same Hilbert space and satisfy the condition that their ranges are 
mutually orthogonal, and in addition wq^o + ' ' ' + ^^w-i'^Ar-i = 1 in the case N ^ oo. The Cuntz algebra 
Om has a canonical uniqueness property with respect to the choice of the generators {vj}i<j^N subject 
to the above conditions (see [Cu77] ). In particular, this implies that there exists a pointwise continuous 
gauge automorphism group parameterized by the unit circle, A i— > t(A) = ta, T — > Aut(C'Ar), such that 
T\ [vj ) — Xvj a < j < N and A G T. For every m G Z we denote 

(7.1) Oj^") - {:r G Oat I (VA G T) rA(a;) = A"\t} 

the spectral subspace associated with m, and then ■= O/v*' (^^^ fixed-point algebra of the gauge 
group). For every m G Z we have a contractive surjective linear idempotent mapping : On ~* CaT"* 
defined by 

(7.2) (VxGOjv) £;(™)(.t) = /A-™TA(a;)dA, 



which is a faithful conditional expectation in the case m = (see for instance Theorem V.4.3 in |Da96j ). 
We shall denote = E for the sake of simplicity. □ 

The following statement is inspired by some remarks from Section 2 in |La93b| . It shows that, under 
specific hypothesis on the C* -algebras from Theorem l6.10[ the corresponding reproducing kernel Hilbert 
space has a circular symmetry that resembles the one of the classical spaces of holomorphic functions on 
the unit disk. Thus we get series expansions and the natural setting of harmonic analysis in the spaces 
of bundle sections associated with completely positive maps. 

Corollary 7.15. Let N G {2,3,...} U {oo}, a completely positive unital map $: On BiTio), and 
the corresponding Stinespring representation 7r$ : On — > B{K,q), and isometry V: Tio — > JCq such that 
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$ — V*ttV . Put Ti.0 :~ V{Ti.o). Then the condition ^ o E = ^ is satisfied if and only if $ is gauge 
invariant, in the sense that for each X € T we have $ o ta = In addition, if this is the case, then the 
following assertions hold: 

(a) Consider the geometric realization 7: /Co — > Ti-^E, $) of the Stinespring representation 7r$ and let 
H: D ^ Gc)„/Gjr„ be the corresponding homogeneous vector bundle. Then the gauge automor- 
phism group of On induces smooth actions t and r of the circle group T on the total space D 
and the base Gc)„/Gjp-„, respectively, such that the diagram 

T X D — ^ D 

idTxnj |n 

T X (GcIjv/G;f„) — > Gon/Gjt^ 

is commutative. The action on the base of the vector bundle also commutes with the natural 
involutive diffeomorphism thereof. 

(b) If for all m (£ Zi we denote by 7i{E, cf))*^™^ the closed linear subspace generated by 7(7r$(C'j^'')7io), 
then we have the orthogonal direct sum decomposition Ti(E,^) = ^ 7i(£', $)(™^ and each term 

rnel, 

of this decomposition is Gjr^ -invariant. 

(c) For each m € Z, the orthogonal projection pI^^ : 'H{E, $) 'H{E, $)(™' is given by the formula 

(P('3A)(^)= j A-™(f,oAor-i)(z)dA 

T 

whenever z e Go„/G;r„ and A e TL{E, $). 

Proof. Firstly note that (|7.2p implies that E o t\ = t\ o E — E for all A € T, because of the invariance 
property of the Haar measure dA on the unit circle T. Consequently, if we assume that $ is gauge 

invariant, then for all x G On we have ^{E{x)) = <&(/ TA(a;)dAj = / <i>(TA(a;))dA = / $(x)dA = $(a;). 

Conversely, if $ o iJ = $, then for every A G T we have ^ot\ — ^oEot\~^oE — ^. 

(a) To define the action of T upon the base Gci„/G^„ we use the fact that each gauge automorphism 
T\ leaves Tn pointwise invariant and therefore induces a mapping of Go^ / Gjr„ onto itself. It is straight- 
forward to show that in this way we get an action (A, aGj^j^) t-^ T\{a)Gjr^ of T as claimed. The action 
of the circle group upon the total space D can be defined by the formula [(a,/)] 1— > [{T\{a),f)] for all 
[(a, /)] G D and A G T. 

(b) The realization operator 7: /Co ^ Ti.{E,^) is unitary, hence it will be enough to prove that 
/Co = ® /Cq™'' and that each term of this decomposition is invariant under all of the operators in the 

C*-algebra 7r$(J^Ar), where /Cq"' is the closed linear subspace of /Co spanned by 7r$(C'j^'^)Ho for all m G Z. 
(Note that /Co — span 7r$(jFAr)7io by construction.) 

The proof of this assertion follows the lines of Section 1 in [La93b| and relies on the fact that, as an 
easy consequence of we have oj^'^oj;^ C 017+"^ and (O^V ^ oj^'"^ for all m, n G Z (where (•)* 

stands for the image under the involution of On). Note that VV* : JCq Ho is the orthogonal projection 
from /Cq onto Hq. It follows that for all m, n G Z with m ^ n, and x G O^"* , y G O^"* , ^, 77 G Hq we have 

{7T^{x)V^ I MvWv) = {My*x)V^ I = {VV*i7r^{y*x)V0 \ Vi^) 

- ($(y*x)e I v))no - iHE{y*xm \ v))ho = 0, 

where the latter equality follows since y*x G O^" with ni ~ n ^ 0, so that E{y*x) = as an easy 
consequence of (|7.2p . The above computation shows that k!}^^ _L /Cq"^ whenever m ^ n. 

To see that U /C^™^ spans the whole /Co, just recall from |Cu77j that the set IJ oj^'"* spans a dense 

linear subspace of Oat, and use the image of this set under the unital *-homomorphism 7r$ : Ojv — > 'S(/Co). 
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Consequently the asserted orthogonal dncct sum decomposition of JCq is proved. On the other hand, since 
jr^ = Oj^\ it follows that for all m G Z we have J^jvCjv"^ = C'j^^C'Jv"'^ ^ so 7r$(J^Ar)/C^™' C /C^"^ 

according to the construction of /Cq'"'' . 

(c) For every A € T denote by a ® / i— s- a (g) /, On ® Ti-o JCq, the canonical map. Since $ o ta = $, 
it follows that the mapping a ® f t-^ T\{a) (E) f, On <E "Ho ^ On ® Ti-o, induces a unitary operator 
V\: a 1^ f i-^ T\{a) ig) f , ICq ^ ICq. As the closure of the image of O^"' (g) Tio in JCq is equal to /Cq™', it 
follows that for all m e Z we have 

(7.3) /C^"^ = {/i e /Co I (VA e T) Fa/i = A^/i}. 

On the other hand, for all c, a G O^v and / G TYo we have 



7r<i.(rA(c))a(g) / Tx{c)a® f = rA(crA-i(a)) «) / = yAcrA-i(a) «) / = FA7r<i>(c)rA-i (a) (g) / 



= yx7r$(c)yx-ia«) /, 

whence 

(7.4) (VA G T, c G On) 7r$(TA(c)) = Vxn^{c)Vx-^. 
It follows by jLll) and jOl) that 

(7.5) (VAgT, nGZ, cgOw, /iG/Cj,"^) Ti^{Tx{c))h = \-'^VxTi^{c)h. 
Now for A G T, 77 G /Co, and c G Gc)„ we get 

(ta °7(»/) o^a')(cG^„) - fA(7(^)(rA-(c)G^„)) = f [(ta-i (c), P(^$(rA-i (c-i)r,)))] 
= [(c,P(7r*(rA-.(c-i)77)))], 

whence by ([731) it follows that for h G /C^"^ we have (?a o 7(M ° t'a ^)(cG^iv) = >^''[{c, P{Vx-nT^{c-^)h))] 
where for m G Z, p(™) : /Cq ^ /Cg"*-* is the orthogonal projection and P — P^^\ 

On the other hand, it follows by (ESI) that / y-"^{Vxh)d\ = p(™-")/i for all h G /Co, and thus by 

T 

the above equality we get for h G /Cq""* , 



A-"(fA0 7(/i)oT-i)(cG^„)dA = j X''-^[{c,P{Vx-.n^{c-^)h))\d\ 



= [(c,p(°)p(— )(..(c-i)M)] = if 

10 if n 7^ TO. 

Thus we have proved the asserted formula for A = l{h) with G IJ /Cq"''. On the other hand, the 

reproducing (— *)-kernel associated with the Stinespring representation 7r$ is continuous, hence the re- 
alization operator 7: /Co — *■ ©(Go^/Gjr^, 13) is continuous with respect to the uniform convergence on 
the compact subsets of the base Gc)„/Gjr„. Since ICq — ^ /Cq"'' and the right hand side of the asserted 

rieZ 

formula is linear and continuous with respect to the latter topology, it follows that the corresponding 
equality extends by linearity and continuity to the whole space 7i{E, $) — 7(/Co). □ 

Remark 7.16. It is noteworthy that orthogonal decompositions similar to the one of Corollarv l7.15f b) 
also show up in connection with representations of Cuntz algebras that do not necessarily occur as 
Stinespring dilations of gauge invariant maps; see for instance the representations studied in |BJ99| . □ 

There is a close relationship between *-endomorphisms of algebras B(Ti.) and representations of Cuntz 
algebras, see for instance |La93a| . |La93b| . In the remainder of this subsection, we point out that some 
of the notions underlying this relationship provide us with more examples of the theory proposed in 
the present paper. Thus let 7i be a separable Hilbert space, let A := B{Ti,) and let a: A A a, 
unital *-endomorphism; then a is normal, as noted for instance in [La93a| . By a celebrated result of 



HOLOMORPHIC GEOMETRIC MODELS FOR REPRESENTATIONS OF C*-ALGEBRAS 



39 



W. Arveson there exist N E {1, . . . , +00} and a ^-representation p: On A, where On is the Cuntz 
algebra generated by N isometries Vj, on H, such that 

N 

(7.6) a{T)=Y,Pivj)Tpiv*), T e A. 

j=i 

(See Proposition 2.1 in |Ar89j .) Since a is unital we have that X^jLi p{''^j)p{'^*j ) — 1 even for N — 00 (in 
the strong operator topofogy, in the latter case). In the sequel we assume that N > 2. 

We do observe that, in order to make a link between the geometry of p and the one of a, the endomor- 
phism a can be regarded either as a ^-representation of A of the injective von Neumann algebra A on Ti. 
or as a completely positive mapping from A into BiT-L). In fact, it seems natural at first glance to take 
into consideration the second option, since (|7.6p induces the correspondence upu^^ 1— > ua(u~^ ■ u)u~^, 
{u G G^); that is, the canonical map &{p) S{a). Nevertheless, in such a case we cannot be sure 
that the algebraic isomorphism S{a) ~ Gyi/G(a) entails a structure of smooth homogeneous manifold. 
Namely, the Lie algebra of G(a) is 0(a) = {X € A \ X — ct{X) E a{Ay}, see Lemma [7.61 and it is not 
clear that 2(0) is topologically complemented in A. 

On the other hand, by looking at a as a ^-representation and by using a bit of the structure of von 
Neumann algebras, it is possible to relate the orbits &{p) and 6(a) to each other, as we are going to see. 

Since A is Connes-amenable (that is, A is injective, see 'Ru02|) an appropriate virtual diagonal M for 
A can be fixed, so that the mapping 

Ea{T) -.^ a{a)Ta{b) dM{a,b), {T E A), 

J A® A 

is a conditional expectation from A onto Ba '■= Ea{A). This endows 6(0;) with the corresponding smooth 
homogeneous manifold structure. 

Similarly, On is a nuclear (amenable) C*-algebra, see |Cu77] . and therefore we can fix a contractive 
virtual diagonal Mn for On so that the mapping 

Ep{T) / p{s)Tp{t) dMN{s,t), [T E A), 

JOn^On 

is a conditional expectation from A onto Bp := Ep{A). In this way, we regard a: A B{H) and 
p : On ^ a a,s special cases of Example 17.11 

There are two C*-subalgebras of A which are important in the study of the endomorphism a. These 
are {a E A \ a{a) — a} and n„>o'^"(^)- Recall that Ba = {a E A \ Ea{a) = a} ~ a^A)' and 
Bp = {a E A \ Epja ) = a} = p{On)' , see ICGQSj . (In this notation, fl(a) = (/ - a)-^{Ea{A)).) By 
Proposition 3.1(i) in |La93a| we have Bp = p{On)' = {a & B{Ti) \ a{a) = a] (which means in particular 
that Bp = CI if the representation p is irreducible or, equivalently, if a is an ergodic endomorphism of 
A = B{n)). Hence, for every hE Bp we get h = a{h) E E^iA)' . Shortly, 

(7.7) Bp C a{A)" ^ a{A). 

Note that a{Ay is ?i'*-closed in A and so it is a von Neumann subalgebra of A. Moreover a(A)' is the 
range of the conditional expectation Ea and then it turns out to be injective. Let A be the anti-unitary 
operator (A is an antilinear isometry with A^ — id) which appears in the standard form of a[A)' , see 
jTa03| . volume II. Then the mapping E^aA : A A given by 

EAcAiT) := AEaiATA)A (T E A) 

is a conditional expectation such that a{Ay' — EAaA{A). It follows that a{Ay' is also injective, see 
[TaOSj , volume III. The above notation is not by chance since i?AaA corresponds exactly to the expectation 
defined by the virtual diagonal M and representation AaA. Thus we have 

(7.8) Bp C BaoA. 

Passing to quotients, (|7.8|) implies that we obtain a canonical surjection &{p) S(AaA). In fact, it is 
a submersion mapping: The above map is Gyi-equivariant and its tangent map at p is implemented by 
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the bounded projection 

id - -BaqA : (id - Ep){a) t-^ (id - £^AaA)(a). 

from A/ Bp onto A/BauA- 

On the other hand, the involutive transformation /3 i— > A/?(-)A carries diffeomorphicaly similarity 
(unitary) orbits onto similarity (unitary) orbits of the space of representations Rep'^(j4). In particular 
6(a) and 6(AaA) are diffeomorphic through the map 

aaa-^ ^ (AaA)(AaA)(Aa"i A), 6(a) ^ 6(AaA) 

(note that ua = au if and only if (AuA)(AaA) — (AaA)(AuA)). Putting all the above facts together 
we obtain the analytic submersion 6(p) — > 6(a) given by 

a pa ^ {AaA)a{Aa-^A), (a e Ga). 

At this point one can return to (|7.7p , which also tells us that 

(7.9) B^ = a{Ay C B'p. 

Thus we can proceed as formerly, just replacing a with p. In particular, the von Neumann algebra 
Bp = p(OnY is injective and then its commutant subalgebra B^ in A is also injective. In effect, it 
is the image Bp = Ejipfi{A) of the conditional expectation Ej^pn defined by the virtual diagonal 
and representation RpR, where R is the anti-unitary operator involved in the standard form of p{On)' ■ 
Hence, there exists an analytic submersion 6(a) &{p) given by 

upu 1 ^ {RuR)p{Ru-^R), (w e Ga). 

In summary, we have proved the following result. 

Theorem 7.17. Let A, R be the anti-unitary operators associated with the standard forms of the injective 
von Neumann algebras a^A)' , piOis;)' respectively. Then Bp C B^aA and B^ C Bnpn, and the mappings 

qp-. apa-^ ^ (AaA)a(Aa"i A), 6(p) 6(a), 

g„: uau^^ ^ {RuR)p{Ru-^R), 6(a) ^ 6(p) 

are analytic submersions. 

Remark 7.18. The joint action of suitably chosen mappings in the proposition yields new submersions 

apa-^ ^ (yaV-^)p{Va-^V-^), e{p) 6(p) 

and 

uau-^ ^ {V-'^uV)a{V-'^u-W), 6(a) ^ 6(a), 
where V is the unitary operator V = RA. Such submersions need not be diffeomorphisms. □ 

Because of the inclusion Bp C B^aA we have -EaqA ° Ep — Ep. Set Fp := EpE^aA- Then Fp is also a 
conditional expectation and Fp and Ep are equivalent: FpEp = Ep and EpFp = Fp, so that Fp{A) = Bp. 
In addition, Fp and E^aA commute: E^aAFp = Fp = FpE^aA- 

Let $ : A B{Ho) be a completely positive map, for some Hilbert space Tio- Put <i)p := $ o Fp. Then 
^pFp = $p and ^pE^aA = ^p- Applying Stinepring's dilation theorem we find Hilbert spaces H,j{^p), 
for J = A,BAaA,Bp with Hbp($p) Q '^Ba„a(^p) C Ha{^p), and ^-representations ttj : J B{Hj{^p)) 
satisfying ttb^^^{u) = TTA{u)\HB^^^i<s>p) for each u e BaoA, and TTs^iu) = TTB^^^{u)\nBp{<!>p) ^or each 
Bp. 

Corollary 7.19. In the above setting, the following commutative diagram and GA-equivariant diagram: 

Ga xgb, ^Bp(*p) > Ga xgb„ ^b($p) 

1 1 

eip) 6(a) 

whose arrows are GA-equivariant and compatible with the involutive diffeomorphisms —* on both 6(p) 
and 6(a). Moreover, the representation ha of Ga on T-Ia{^p) can be extended to A and realized as 
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multiplication on a reproducing kernel Hilbert space formed by holomorphic sections of the left-side vector 
bundle in the diagram. 

Proof. Firstly, a diagram similar to that one of the statement, and concerning the algebras Bp C -BaqA, 
is immediately obtained by mimicing the proof of Corollary 17. 101 Then using the diffeomorphism A(-)A 
one gets the wanted result or diagram, where the action of Ba on Ti-si^p) given just by transferring 
the action of -BaqA through A(-)A (note that SaqA = AiJ^A). □ 

A diagram entirely analog to the previous one of the corollary can be obtained by interchanging roles 
of representations p and a. 

Remark 7.20. Using the representation p, we can make a link between Corollarv l7.15l and the preceding 
setting. Let r be the gauge automorphism group of O^r, and let Et be the expectation defined by (|7.2p 
for m — 0. Corollarv l7. 1 51 applies to completely positive mappings $ : On —* 13{TCo) such that ^oE^ = 
Assume that p is a ^-representation of On on a von Neumann algebra A, and Ep : A ^ A the conditional 
expectation associated with some, fixed, virtual diagonal M of norm one for A. Let $: Ep{A) B{TLq) 
be completely positive, and let consider $p^T- := ^ o Ep o p o Er. Then ^p^rEr — ^p.r and we obtain 
Hilbert spaces and their decompositions like those of CoroUarv 17.151 associated with the representation 
p and algebra A. □ 

Finally, the subalgebra p{Tn)' — n„>o (see Proposition 3.1(ii) in [La93ap suggested us to form 

sequences of vector bundles in the following manner. Let a: A ^ Ahe a normal, ^-representation where 
A = B{H) as above. Then a*{A^) C A, where A, denotes the predual of A formed by the trace-class 
operators on 7i, and a* is the transpose mapping of a. For n S N we are going to consider the iterative 
mappings /3„ a" o p and corresponding expectations denoted by En := Ej^^ and put Eq = Ep. Then, 
for ^ e A, and T € A, 

{En o a)(T)(0 = / a{T) {a^ p){tm dMN{s,t) 



ia^-'p){s) T K-V)W dMNis,t) 
= Er,-i{T){a*i) = {a o i?„_i)(r)(C), 

see |CG98) . More specifically, {Epa){T) = aij^^^^^ p{s) T p{t) dMN{s,t)) = (p{T) G C, where (p is the 
state given by ip{T) := J^^^^^ p{s) T p{t) dMN{s, t) £ B{H)' = C1,T e A. Hence 

(7.10) Enoa^ao E„-i, n e N 
whence, by a reiterative process and since aEp = Ep, we get 

(7.11) En o a" ^Ep, ueN 

Hence we get EnEp — Ep and therefore Bp C Bn, where i?„ :— En{A), for all n. Further, we have 
aEniA) = En+ia{A) C E^+M) by (mUl) . that is, a(B„) C B„+i, neN. 

Now consider a countable family ($„)„>o of completely positive mappings $„ : A B{Ho), for some 
Hilbert space Tip, such that 

(7.12) $„+i o Q = $„ , $„ o En = n e N 

Such a family exists. Take for instance 0„ := EpEi ■ ■ ■ En, and a completely positive map $ : A — > BiTio). 
Then the family <&„ :— $ o 0„, n> 0, satisfies (|7.12p . In these conditions the diagram 

A > A ■> ■ ■ ■ > A > A ^ B{1-Lq) 



1^° 1^^ 1 l^'' 1 



Er 



+ 1 



id 



Bo B, ^ Bn Bn+1 B{-Ho) 

is commutative in each of its subdiagrams. 
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For every n > 0, by applying Theorem 16.101 to the conditional expectation En : A —f Bn and mapping 
$n one finds the corresponding Hilbert space 7iB„($n) for the representation which is the Stinespring 
dilation of $„. Take a finite set of elements bj in i?„. As <l'„(6*6j) ~ ^n+i{<^{bi)* a{bj)) it follows that 

3 3 

for all J2j ^3 ^ fj ^ ^ Ho, see SectionlHl Hence, aCWs^ ($„)) C Hs^^i^j ($„+i). This impHes that we 
have found the (countable) system of vector bundle homomorphisms 

XGb^ HBp(«'o) > Ga XGbi Wsi($l) ' ' Ga XGb„ WB„(*n) > ••• 



eip) 6(aV) _iii--> . . . e(a» -i^ii-^... 

where a„ is the canonical submersion induced by a\B„ ■ Bn — > Bn+i, n > 0. 

Of course the above sequence of diagrams gives rise to the corresponding statements about complexi- 
fications, and realizations of representations on spaces of holomorphic sections. 

5) Non-commutative stochastic analysis 

We have just shown a sample of how to find sequences of homogeneous vector bundles of the type 
dealt with in this paper. As a matter of fact, continuous families of such bundles are also available, 
which could hopefully be of interest in other fields. More precisely, the geometric models developed in 
the present paper might prove useful in order to get a better understanding of the phenomena described 
by the various theories of non-commutative probabilities. By way of illustrating this remark, we shall 
briefly discuss from our geometric perspective a few basic ideas related to the stochastic calculus on full 
Fock spaces as developed in [BVOOj and |B V02j . (See also |VDN92| and fEv80] for a complementary 
perspective that highlights the role of the Cuntz algebras in connection with full Fock spaces.) 

In the paper |B V00| . a family of conditional expectations {Et}t>o is built on the von Neumann algebra 
A of bounded operators on the full Fock space, generated by the annihilation, creation, and gauge 
operators. Set At := Et{A) for t > 0. It is readily seen that At C Ag and that EtEg = Et whenever 
< s < t (check first for the so-called in [BVOOj basic elements). Applying the Stinespring dilation 
procedure to the conditional expectation E^ and completely positive mapping Et one gets Hilbert spaces 
TiAA^t) C HA{Et) and the consequent Stinespring representations tta^ : Aj B{HAj{Et)), where 
j — 0, t, and Ao = A. This entails the commutative diagram 

GAXG.HA.iEt) > GAXG^HAAEt) > GaXg^HaAEi) 



Gyi/Gf > Ga/Gs > Ga/Gt, 

for r < s < t, where Gj = G^i^ for j — r,s,t. Moreover, as usual, the geometrical framework of the 
present paper works to produce a Hilbert space HAiEs,Et), formed by holomorphic sections on G^/Gg, 
which is isometric to TiAiEt) and enables us to realize -ka as natural multiplication. 

On the other hand, from the point of view of the quantum stochastic analysis (see for instance |Par90| 
and |BP95| 1. it is worth considering unital completely positive mappings $ : A ^ B{Ho) with the following 
filtration property: There exists a family {$< ; A — > B(Ti.t)}t>o of completely positive mappings which 
approximate <& in some sense and satisfy ^t°Et — $t for alH > 0. Then we get commutative diagrams 

Ga xq, TiAA'^t) > Ga xg. Wa„($.) 

1 1 

Ga/Gj > Ga/Gs 

whenever s < t. By means of the realizations of the full Fock space as reproducing kernel Hilbert spaces 
of sections in appropriate holomorhic vector bundles we find geometric interpretations for most concepts 
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tradtionally related to the Fock spaces (for instance, annihilation, creation, and gauge operators). We thus 
arrive at the challenging perspective of a relationship between the non-commutative stochastic analysis 
and the infinite-dimensional complex geometry, which certainly deserves to be understood in more detail. 
For one thing, this might provide useful geometric insights in areas like the theory of quantum Markov 
processes. 
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